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FOREWORD 


To be asked to write a Foreword toa book such as Harary's Graph Theory at 
the time of its publication asan Indian edition, is botha pleasure anda privilege. 
Prof. Frank Harary is a master expositor and he takes his readers through this 
most fascinating branch of modern mathematics to the frontiers of the subject, 
almost from scratch, rather effortlessly. The enthusiasm of the author for the 
subject he himself helped create and grow, flows through every page of the book. 


As far as Indian Universities are concerned, I know of very few departments 
of Mathematics or Computer Science or Engineering, which provide for the 
compulsory study of Graph Theory at the undergraduate level. ! therefore, 
welcome the publisher's decision to bring out an Indian edition, accessible to 
Indian buyers. I am sure this would provoke the Indian universities into 
reshaping their curricula so as to provide for the study of Graph Theory at an 
early stage of the student's induction into modern science and engineering. 


When Narosa Publishing House asked me to write a Foreword to this 
venture of theirs, | gave them an unsought advice that they should have an 
Appendix added to the Book, on the Four Color Theorem. Rightly had Harary 
talked of the Four Color *Disease' as the most celebrated unsolved problem of 
Graph Theory - but that was in 1969. Butina reprinting which is nowappearing 
in 1987, I would not like to see Harary's book talking about the ‘Disease’ as if it 
were still uncured! I am glad that Narosa Publishing House accepted my 
suggestion; but the price I paid for giving that advice was to write the Appendix 
myself. I would like to believe what I have written would be acceptable to readers 
of Harary's Graph Theory. , 


June 1987 
BITS, PILANI 
V. Krishnamurthy 


PREFACE 


When I was a boy of 14 my father was so ignorant I could hardly 
stand to have the old man around. But when I got to be 21, 

I was astonished at how much the old man had learned in 7 years. 
MARK TWAIN 


There are several reasons for the acceleration of interest in graph theory. It 
has become fashionable to mention that there are applications of graph 
theory to some areas of physics, chemistry, communication science, computer 
technology, electrical and civil engineering, architecture, operational research, 
genetics, psychology, sociology, economics, anthropology, and linguistics. 
The theory is also intimately related to many branches of mathematics, 
including group theory, matrix theory, i numerical analysis, probability, 
topology, and combinatorics. The fact is that graph theory serves as a 
mathematical model for any system involving a binary relation. Partly 
because of their diagrammatic representation, graphs have an intuitive and 
aesthetic appeal. Although there are many results in this field of an ele- 
mentary nature, there is also an abundance of problems with enough 
combinatorial subtlety to challenge the most sophisticated mathematician. 

Earlier versions of this book have been used since 1956 when regular 
courses on graph theory and combinatorial theory began in the Department 
of Mathematics at the University of Michigan. It has been found pedagogi- 
cally advantageous not to include proofs of all theorems. This device has 
permitted the inclusion of more theorems than would otherwise have been 
possible. The book can thus be used as a text in the tradition of the “Moore 
Method,” with the student gaining mathematical power by being encouraged 
to prove all theorems stated without proof. Note, however, that some of the 
missing proofs are both difficult and long. The reader who masters the 
content of this book will be qualified to continue with the study of special 
topics and to apply graph theory to other fields. i 

An effort has been made to present the various topics in the theory of 
graphs in a logical order, to indicate the historical background, and to 
clarify the exposition by including figures to illustrate concepts and results. 
In addition, there are three appendices which provide diagrams of graphs, 


vii 


viii PREFACE 


directed graphs, and trees. The emphasis throughout is on ems galie 
than algorithms or applications, which however are occasionally me T 

There are vast differences in the level of exercises. Those exercises w e 
are neither easy nor straightforward are so indicated by a bold-faced rr 
Exercises which are really formidable are both bold faced and starred. is 
reader is encouraged to consider every exercise in order to become fami ^ 
with the material which it contains. Many of the "easier exercises may be 
quite difficult if the reader has not first studied the material in the chapter. 

The reader is warned not to get bogged down in Chapter 2 and its many 
exercises, which alone can be used as a miniature course in graph theory Ed 
college freshmen or high-school seniors. The instructor can select materia 
from this book for a one-semester course on graph theory, while the entire 
book can serve for a one-year course. Some of the later chapters are suitable 
as topics for advanced seminars. Since the elusive attribute known as “mathe- 
matical maturity” is really the only prerequisite for this book, it can be used 
as a text at the undergraduate or graduate level. An acquaintance with 
elementary group theory and matrix theory would be helpful in the last four 
chapters. 

I owe a substantial debt to many individuals for their invaluable as- 
sistance and advice in the Preparation of this book. Lowell Beineke and 
Gary Chartrand have been the most helpful in this respect over a period of 
many years! For the past year, my present doctoral students, Dennis Geller, 
Bennet Manvel, and Paul Stockmeyer, have been especially enthusiastic in 
supplying comments, Suggestions, and insights, Considerable assistance was 
also thoughtfully contributed by Stephen Hedetniemi, Edgar Palmer, and 
Michael Plummer, Most recently, Branko Griinbaum and Dominic Welsh 
kindly ook a careful reading. I am personally responsible 

of the off-color remarks. 


ast two decades research Support for published papers in the 
theory of graphs was. received 


namics. Finally, the author is especially 
iti Y Publishing Company for its patience in 
waiting a full decade for this manuscript from the date the contract was 
Cooperation in all aspects of the production of this book. 
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CHAPTER | 


DISCOVERY! 


Eureka! 
ARCHIMEDES 


It is no coincidence that graph theory has been independently discovered 
many times, since it may quite properly be regarded as an area of applied 
mathematics.* Indeed, the earliest recorded mention of the subject occurs in 
the works of Euler, and although the original problem he was considering 
might be regarded as a somewhat frivolous puzzle, it did arise from the 
physical world. Subsequent rediscoveries of graph theory by Kirchhoff 
and Cayley also had their roots in the physical world. Kirchhoff's investiga- 
tions of electric networks led to his development of the basic concepts and 
theorems concerning trees in graphs, while Cayley considered trees arising 
from the enumeration of organic chemical isomers. Another puzzle approach 
to graphs was proposed by Hamilton. After this, the celebrated Four Color 
Conjecture came into prominence and has been notorious ever since. In 
the present century, there have already been a great many rediscoveries of 
graph theory which we can only mention most briefly in this chronological 


account. 


THE KÓNIGSBERG BRIDGE PROBLEM 


Euler (1707-1782) became the father of graph theory as well as topology 
when in 1736 he settled a famous unsolved problem of his day called the 
Kónigsberg Bridge Problem. There were two islands linked to each other 
and to the banks of the Pregel River by seven bridges as shown in Fig. 1.1. 
The problem was to begin at any of the four land areas, walk across each 
bridge exactly once and return to the starting point. One can easily try to 


* The basic combinatorial nature of graph theory and a clue to its wide applicability are 
indicated in the words of Sylvester, “The theory of ramification is one of pure colligation, for 
it takes no account of magnitude or position; geometrical lines are used, but have no more 
real bearing on the matter than those employed in genealogical tables have in explaining the 


laws of procreation.” 


2 DISCOVERY ! 


Fig. 1.1. A park in Königsberg, 1736. 


solve this problem empirically, 
the tremendous contribution of 


& the corresponding points, 
is shown in Fig. 1.2, where the 
land areas of Fig. 1.1. Showing 
t to showing that the graph of 

Rathe n, Euler generalized the problem 
and developed a criterion for a given graph to beso traversable; namely, that 
it is connected and 


every point is incident with an even number of lines. 
While the graph in Fig. 1.2 is connected, not every point is incident with an 
even number of lines. 


C, 


B 


Fig. 1.2. The graph of the Königsberg Bridge Problem. 


ELECTRIC NETWORKS 


* Actually, this is a “multigraph” as we shall see in Chapter 2. 


CHEMICAL ISOMERS 3 


with its resistances, condensers, inductances, etc, and replaced it by its 
corresponding combinatorial structure consisting only of points and lines 
without any indication of the type of electrical element represented by in- 
dividual lines. Thus, in effect, Kirchhoff replaced each electrical network 
by its underlying graph and showed that it is not necessary to consider 
every cycle in the graph of an electric network separately in order to solve 
the system of equations. Instead, he pointed out by a simple but powerful 
construction, which has since become standard procedure, that the inde- 
pendent cycles of a graph determined by any of its "spanning trees" will 
suffice. A contrived electrical network N, its underlying graph G, and a 
spanning tree T are shown in Fig. 1.3. 


Fig. 1.3. A network N, its underlying graph G, and a spanning tree T. 


CHEMICAL ISOMERS 


In 1857, Cayley [C2] discovered the important class of graphs called trees 
by considering the changes of variables in the differential calculus. Later, he 
was engaged in enumerating the isomers of the saturated hydrocarbons 
C,Ho,+2: With a given number n of carbon atoms, as shown in Fig. 1.4. 

" Of course, Cayley restated the problem abstractly: find the number 
of trees with p points in which every point has degree 1 or 4. He did not 
immediately, succeed in solving this and so he altered the problem until he 
was able to enumerate: rooted trees (in which one point is distinguished from 
the others), trees, trees with points of degree at most 4, and finally the chemical 
problem of trees in which every point has degree 1 or 4, see [C3]. Jordan 
later (1869) independently discovered trees as a purely mathematical dis- 
cipline, and Sylvester (1882) wrote that Jordan did so “without having any 
suspicion of its bearing on modern chemical doctrine,” see [K10, p. 48]. 


4 DISCOVERY ! 


+HER 2 


Methane Ethane Propane Butane Isobutane 


Fig. 1.4. The smallest saturated hydrocarbons, 


AROUND THE WORLD 


A game invented by Sir William 
dodecahedron whose 20 vertices 


20 


ur VT 


Fig. 1.5. 
"Around the world.” 
18 
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THE FOUR COLOR CONJECTURE 

The most famous unsolved problem in graph theory and perhaps in all of 
mathematics is the celebrated Four Color Conjecture. This remarkable 
problem can be explained in five minutes by any mathematician to the so- 
called man in the street. At the end of the explanation, both will understand 
the problem, but neither will be able to solve it. 

The following quotation from the definitive historical article by May 
[M5] states the Four Color Conjecture and describes its role: 

[The conjecture states that] any map on a plane or the surface of a sphere can be 
colored with only four. colors so that no two adjacent countries have the same 
color. Each country must consist of a single connected region, and adjacent 
countries are those having a boundary line (not merely a single point) in common. 
The conjecture has acted as a catalyst in the branch of mathematics known as 
combinatorial topology and is closely related to the currently fashionable field of 
graph theory. More than half a century of work by many (some say all) mathe- 
maticians has yielded proofs for special cases... The consensus is that the con- 
jecture is correct but unlikely to be proved in general. It seems destined to retain 
for some time the distinction of being both the simplest and most fascinating 
unsolved problem of mathematics. 

The Four Color Conjecture has an interesting history, but its origin 
remains somewhat vague. There have been reports that Móbius was familiar 
with this problem in 1840, but it is only definite that the problem was com- 
municated to De Morgan by Guthrie about 1850. The first of many erroneous 
“proofs” of the conjecture was given in 1879 by Kempe [K6]. An error was 
found in 1890 by Heawood [H38] who showed, however, that the conjecture 
becomes true when “four” is replaced by “five.” A counterexample, if ever 
found, wilt necessarily be extremely large and complicated, for the con- 
jecture was proved most recently by Ore and Stemple [OS1] for all maps 
with fewer than 40 countries. 

The Four Color Conjecture is a problem in graph theory because every 
map yields a graph in which the countries (including the exterior region) are 
the points, and two points are joined by a line whenever the corresponding 
countries are adjacent. Such a graph obviously can be drawn in the plane 


without intersecting lines. Thus, if it is possible to color the points of every 
th four or fewer colors so that adjacent points have different 


planar graph wi A t 
colors, then the Four Color Conjecture will have been proved. 


THEORY IN THE 20th CENTURY 
n [L2] proposed in 1936 that the “life space” of an 


ed by a planar map.* In such a map, the regions 
tivities of a person, such as his work environ- 


GRAPH 


The psychologist Lewi 
individual be represente 
would represent the various ac 
ps because he always drew his figures in the plane. 


* Lewin used only planar ma 
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] 


Fig. 1.6. A map and its Corresponding graph, 


S and two adjacent points indicate 
ction of some Physical kind, for example, magnetic 
attraction or repulsion, Jn à similar interpretation by Lee and Yang [LY1]. 
the points'stand for small cubes in euclidean space, where each cube may or 
may not be occupied by a molecule. Then two points are adjacent whenever 


both spaces are occupied. Another aspect of physics employs graph theory 
rather as a Pictorial device, Fe 


the particles after collisions, 

The study of Markoy chains in Probability theory (see, for example, 
Feller [F2, P. 340]) involves directed graphs in the Sense that events are 
represented by points, and a dj i i 


network with the s 
equalto |, A Simil 
of numerical analysis inv. 
eigenvalues, Examples ar 
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given matrix, and there is a directed line from point i to point j whenever 
the i, j entry of the matrix is nonzero. The similarity between this approach 
and that for Markov chains is immediate. 

The rapidly growing fields of linear programming and operational 
research have also made use of a graph theoretic approach by the study of 
flows in networks. The books by Ford and Fulkerson [FF2], Vajda [V1] 
and Berge and Ghouila-Houri [BG2] involve graph theory in this way. The 
points of a graph indicate physical locations where certain goods may be 
stored or shipped, and a directed line from one place to another, together 
with a positive number assigned to this line, stands for a channel for the 
transmission of goods and a capacity giving the maximum possible quantity 
which can be shipped at one time. 

Within pure mathematics, graph theory is studied in the pioneering 
book on topology by Veblen [V3, pp. 1-35]. A simplicial complex (or 
briefly a complex) is defined to consist of a collection V of “points” together 
with a prescribed collection S of nonempty subsets of V, called *simplexes," 
satisfying the following two conditions. 


1. Every point is a simplex. 
2. Every nonempty subset of a simplex is also a simplex. 


The dimension of a simplex is one less than the number of points in it ; that 
of a complex is the maximum dimension of any simplex in it. In these terms, 
a graph may be defined as a complex of dimension 1 or 0. We call a 1- 
dimensional simplex a line, and note that à complex is 0-dimensional if and 
only if it consists of a collection of points, but no lines or other higher 
dimensional simplexes. Aside from these "totally disconnected" graphs, 
every graph is à 1-dimensional complex. It is for this reason that the subtitle 
of the first book ever written on graph theory [K10] is “Kombinatorische 
Topologie der Streckenkomplexe" —— | 

It is precisely because of the traditional use of the words point and line 
as undefined terms in axiom systems for geometric structures that we have 
chosen to use this terminology. Whenever we are speaking of "geometric" 
simplicial complexes as subsets of a euclidean space, as opposed to the 
abstract complexes defined above, we shall then use the words vertex and 
edge. Terminological questions will now be pursued in Chapter 2, together 
with some of the basic concepts and elementary theorems of graph theory. 


CHAPTER 2 


GRAPHS 


What's in a name? That which we call a rose 
By any other name would smell as sweet. 
WILLIAM SHAKESPEARE, Romeo and Juliet 


Most graph theorists use 
and lectures. In order to 


VARIETIES OF GRAPHS 


Before defining a graph, we show in Fig. 2.1 all 11 graphs with four points. 
Later we shall see that 


ashed curve in the figure are disconnected, 


x o mine 
* This is most frequently done by the canonical initia] Sentence, 
finite undirected 


“In this paper we only consider 
graphs without loops or multiple edges." 


VARIETIES OF GRAPHS 9 


Fig.2.1. The graphs with four points. 


Rather than continue with an intuitive development of additional concepts, 
we proceed with the tedious but essential sequence of definition upon 
definition. A graph G consists of a finite nonempty set V — V(G) of p points* 
together with a prescribed set X of q unordered pairs of distinct points of 
V. Each pair x = {u, v) of points in X isa line* of G, and x is said to join u 
and v. We write x — uv and say that u and v are adjacent points (sometimes 
denoted u adj v); point u and line x are incident with each other, as are v 
and x. If two distinct lines x and y are incident with a common point, then 
they are adjacent lines. A graph with p points and q lines is called a (p,q) 


graph. The (1, 0) graph is trivial. 


5 y 
Fig. 2.2. A graph to illustrate adjacency. 


o represent a graph by means of a diagram and to refer 
n the graph G of Fig. 2.2, the points u and v are 
t; lines x and y are adjacent but x and z are not. 
n the diagram, their intersection is not 


It is customary t i 
to it as the graph. Thus, i 
adjacent but u and w are no! ; 
Although the lines x and z intersect 1 


a point of the graph. 
e been used in the literature, not always with the 


* The following is a list of synonyms which hav 


indicated pairs: 
i point, vertex, node, 


line, 


junction, O-simplex, element, 


edge arc, branch, l-simplex, element. 
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en br v 
G: G—vs: 

[^ Us De 

vi Da Ds u Da ze 
G—v03: G-Fvyos: 

L^ Us DA Us 


Fig. 2.7. A graph plus or minus a specific point or line, 


smallest supergraph of G containing the line viv;. These concepts are illus- 
trated in Fig. 2.7. 


There are certain graphs for which the result of deleting a point or line, 
or adding a line, is ind 
this is so fora graph G, we denote the result accordingly by G — v, G — % 
or G + x; see Fig. 2.8. 


It was suggested by Ulam [U2, 
the collection of Subgraphs G 
about G itself, 


ATA Ze, 


Fig. 2.8. A graph plus or minus a point or line. 


P. 29] in the following conjecture that 
— *i of G gives quite a bit of information 


Ulam's Conjecture.* 
P = 3. If for each i, the subgraphs G, = G — v, and H, — H — u, are 
isomorphic, then the gr i 

There is an altern ew to this conjecture [H29]. Draw 
each of the p unlabeled graphs G — v, ona 3 x Scard. The conjecture then 
states that any graph from which these subgraphs can be obtained by de- 
leting one Point at a time is isomorphic to G. Thus Ulam's conjecture 
EM LM CN 


* The reader is urged not to try to settle this conjecture since it appears to be rather difficult. 


ependent of the particular point or line selected. If 
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asserts that any two graphs with the same deck of cards are isomorphic 
But we prefer to try to prove that from any legitimate* deck of cards, gd 
one graph can be reconstructed. s 


WALKS AND CONNECTEDNESS 
One of the most elementary properties that any graph can enjoy is that of 
being connected. In this section we develop the basic structure of connected 


and disconnected graphs. . 
A walk of a graph G is an alternating sequence of points and lines 


beginning and ending with points, in which each 
line is incident with the two points immediately preceding and following it. 
This walk joins Vo and v,, and may also be denoted v v, V2 * * * Va (the lines 
being evident by context); it is sometimes called a vo-v, walk. It is closed 
if vo = v, and is open otherwise. It is a trail if all the lines are distinct, and 
a path if all the points (and thus necessarily all the lines) are distinct. If 
the walk is closed, then it is à cycle provided its n points are distinct and 
n > 3. 

In the labeled graph G of Fig. 2.9, v¡V2U5U2U3 is a walk which is not a 
trail and v,vz05VaV2V3 İS A trail which is not a path; v,0205U4 is a path and 


7040502 ÍS A cycle. 


Uo, Xp) Ug * 77» Un 5 Xm Um 


D vs 


vi va Da 


Fig. 2.9. A graph to illustrate walks. 


graph consisting of a cycle with n points and by 


P, a path with n points; C; is often called a triangle. 

A graph is connected if every pair of points are joined by a path. A maxi- 
mal connected subgraph of G is called a connected component Or simply 
G. Thus, a disconnected graph has at least two components. 


g. 2.10 has 10 components. 
- p, is n, the number of occurrences of lines 


in it. The girth of a graph G, denoted g(G), is the length of a shortest cycle 
(if any) in G; the circumference c(G) the length of any longest cycle. Note 


that these terms are undefined if G has no cycles. 


We denote by C, the 


a component of 
The graph of Fi 
The length of a walk vo "1 ^ 


btained from some graph; another apparently difficult 


s legitimate. 


actually be o! 


* This is a deck which can ) n 
hen a given deck i 


problem is to determine W 
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v, 
v, La 
G: G-v;: 

D4 La a 

Us 

vi Da Us Dr Da 
G—v;0: G-Fvy,: 

L^ Us 


DA Us 


Fig.2.7. A Braph plus or minus a Specific point or line. 


smallest supergra 


ph of G containing the line UjU;. 
trated in Fig. 2.7. 


These concepts are illus- 


, is independent of the 
this is so for a graph G, we denote the 
Or G + x; see Fig. 2.8. 

It was suggested by Ulam 
the collection of Subgraphs G 
about G itself. 
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Fig. 2.8. A graph plus or minus a Point or line, 


[U2, p. 29] in the following conjecture e 
= v; Of G gives quite a bit of informatio 


and H have p points u; win 
i, the subgraphs G, = G — v, and H, = H — u ar 
aphs G and H are isomorphic. 


WALKS AND CONNECTEDNESS 13 


asserts that any two graphs with the same deck of cards are isomorphic 
But we prefer to try to prove that from any legitimate* deck of cards, only 


one graph can be reconstructed. 


WALKS AND CONNECTEDNESS 


One of the most elementary properties that any graph can enjoy is that of 
being connected. In this section we develop the basic structure of connected 
and disconnected graphs. + 

A walk of a graph G is an alternating sequence of points and lines 
Do, Xy, 04, * ^» Un- p Xm Uno beginning and ending with points, in which each 
line is incident with the two points immediately preceding and following it. 
This walk joins vo and vj, and may also be denoted vo v, V2*** Va (the lines 
being evident by context); it is sometimes called a vo-v, Walk. It is closed 
if vg = v, and is open otherwise. It is a trail if all the lines are distinct, and 
ints (and thus necessarily all the lines) are distinct. If 


a path if all the pol 
the walk is closed, then it is a cycle provided its n points are distinct and 


nz3. 
In the labeled graph G of 


trail and v, 075047305 is a trai 
U3U4UsU2 is a cycle. 


Fig. 2.9, 0,0205U203 İS a walk which is not a 
] which is not a path; v,v5vsv4 is a path and 


Da Us 


vi Va Da 


Fig. 2.9. A graph to illustrate walks. 


ote by C, the graph consisting of a cycle with n points and by 
ts; C; is often called a triangle. 

ted if every pair of points are joined by a path. A maxi- 
called a connected component or simply 
d graph has at least two components. 


We den 
P, a path with n poin 
A graph is connec 
mal connected subgraph of G is 
a component of G. Thus a disconnecte 


The graph of Fig. 2.10 has 10 components. 
-+> p, is n, the number of occurrences of lines 


The length of a walk vo 91 
init. The girth of a graph G, denoted g(G), is the length of a shortest cycle 
(if any) in G; the circumference c(G) the length of any longest cycle. Note 


that these terms are undefined if G has no cycles. 
* This is a deck w ually be obtained from some graph; another ap 


* This is a deck which can actua’ } ned fro 
Problem is to determine when a given deck is legitimate. 


parently difficult 
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SZ NN MI 


Fig. 2.10. A graph with 10 Components, 


The distance d(u, v) between two 
Shortest path joining them if any; 
graph, distance is a metric; that is, 


Points u and v in G is the length off 
Otherwise d(u, v) = oo. In a connecte 
for all Points u, v, and w, 


1. d(u, v) > 0, with d(u, v) 
2. d(u, v) = d(v, u). 
3. d(u, v) + d(v, w) > d(u, w), 


= Q if and only ifu = y 


A shortest uzy Path is often called a geodesic. The diameter d(G) of a 
connected graph G is the length of any longest Beodesic. The graph G of 
Fig. 29 has girth 9 = 3, circumference ¢ — 4, and diameter d — 2. a 

The square G? of a graph G has V(G?) = V(G) with u, v adjacent in G 
whenever d(u, v) € 2inG. The Powers G?, G4... orc are defined similarly. 


DEGREES 


The degree* of 4 Point v, in graph G, denoted d; or deg Vi, is the number of 
lines incident with v. Si i 

utes 2 to the sum Of the degrees of the points. We thus have a result, due to 
Euler [E6], which was 


Theorem 21 The sum of the degrees of the Points of a graph G is twice 
the number Of lines, 


È deg v, = 24. (2.1) 


In any graph, the number of points of odd degree is even.t 


= 7 r, then all points 
ed regular of degree r. We then speak 

G =r, 
- If G is regular of degree 
l, then €very component ; if it is regular of degree 2, 


* Sometimes called valency, 


t The reader is reminded (see the Preface) that not all theorems are Proved in the text, 
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Fig. 2.11. The cubic graphs with six points. 


every component is a cycle, and conversely of course. The first interesting 
regular graphs are those of degree 3; such graphs are called cubic. The 
two cubic graphs with six points are shown in Fig. 2.11. The second of 
these is isomorphic with each of the three graphs of Fig. 2.5. 


Corollary 21(b) Every cubic graph has an even number of points. 


It is convenient to have names for points of small degree. The point v 


is isolated if deg v = 0; it is an endpoint if deg v = iE 


THE PROBLEM OF RAMSEY 


A puzzle which has become quite well k 
form: 


nown may be stated in the following 


Prove that at any party with six people, there are three mutual acquain- 


tances or three mutual nonacquaintances. 


al 


Fig. 2 12. A graph and its complement. 


sented by a graph G with six points standing 


This situati be repre i $ 
Tonne le ins RU indicates acquaintance. Then the problem is 
ES ia pi three mutually adjacent points or three mutually 
On rate tha. ds complement G of a graph G also has V(G) as its 
‘eine 2 = ones. 1 ts are adjacent in G if and only if they are not adjacent 
ing In Fi A Sor no triangles while G consists ofexactly two triangles.* 

SE 5 242,G c i Visisomorphic withritscomplement (See Fig. 2.13.) 
Seu somp! ementar y graP 


*w => 
en drawn as G in Fig. 2.12, the U 


ion of two triangles has been called the David graph. 
ni 
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Fig. 2.13. The smallest nontrivial self-complementary graphs. 


The complete graph K, has every 
K, has (5) lines and is regular of de; 
called a triangle. The graphs K 
of degree 0, 


In these terms, the puzzle may be reformulated. 
Theorem 2.2. For any graph G 


Proof. Let v be a Point of a 
either in G or in G to the ot 


Pair of its p points* adjacent. Thus 
gree p — 1. As we have seen, K3 iS 
p Are totally disconnected, and are regular 


With six points, G or G contains a triangle. 


graph G with six points. Since v is adjacent 


her five points of G, we can assume without 
loss of generality that there are three points Uy, Uz, Uy adjacent to v in G- 


If any two of these Points are adjacent, then they are two points of a triangle 
whose third point is v. If no two of them are adjacent in G, then u,, tz and 
uz are the points of a triangle in G, 

The result of Theorem 2.2 Suggests the genera] question: What is the 
smallest integer r(m, n) such that every graph with r(m, n) points contains 
K, or K? 

The values r(m, 
r(n, m). The determination of 


SI] is known. 
m tn- >) Q2) 
m—1 
This problem arose from a theorem of Ramsey, An infinite graph} has 
an infinite 


multiple lines. Ramsey [R2] proved 
i contains N, mutually 


All known Ramsey numbers are 


given in Table 2.1, in accordance with 
the review article by Graver and Yakel [GY1]. 


* Since V is Dot empty p > 1) Some authors admit the “empty graph” (which we woul 
denote K, if it existed) and are then faced with handling its properties and specifying tha 
= T nonempty graphs, but we consider Such a concept pointless. 

* After Frank Ramsey, late brother of the present Archbishop of Canterbury. For a proof 
that r(m, n) exists for all positive integers m and n, see for example Hall [H7, p. 57]. 


f Note that by definition, an infinite graph is not a graph. A review article on infinite graphs 
Was written by Nash-Williams [N3]. 


EXTREMAL GRAPHS 17 


"Table 2.1 
RAMSEY NUMBERS 
AN 2 3 4 5 6 7 
2 2 3 4 5 6 1 
3 3 6 9 14 18 23 
4 4 9 18 


EXTREMAL GRAPHS 

mous theorem of Turán [T3] is the forerunner of the field 
As usual, let [r] be the greatest integer 
r} = —[—r], the smallest integer 


The following fa 
of extremal graph theory, see [E3]. 
not exceeding the real number 7, and ( 
not less than r. 


Theorem 2.3 The maximum number of lines among all p point graphs with no 


triangles is [p?/4]. 

Proof. The statement is obvious for small values of p. An inductive proof 
may be given separately for odd p and for even p; we present only the latter. 
Suppose the statement is true for all even p € 2n. We then prove it for 
p = 2n + 2. Thus, let G bea graph with p = 2n + 2 points and no triangles. 
Since G is not totally disconnected, there are adjacent points u and v. The 
subgraph G' = G — {u, v} has 2n points and no triangles, so that by the 
inductive hypotheses G' has at most [4n?/4] — n^ lines. How many more 
linescan G have? There can be no point w such that u and vare both adjacent 
to w, for then u, V, and w would be points of a triangle in G. Thus if u is 
adjacent to k points of G', v can be adjacent to at most 2n — k points. Then 


G has at most 
ne kn O an s p^/4 = [p?/4] lines. 
To complete the proof, we must show that for all even p, there exists a 
(p, p?/4) graph with no triangles. Such a graph is formed as follows: Take 


two sets V, and V, of p/2 points each and join each point of V, with each 
point of Vj. For p — 6, this is the graph G, of Fig. 2.5. 
i i i i h whose point set V can be 
A bigraph (or bipartite graph*) G is a grap set 
Barlihoned m two subsets Vi and V, such that every line of G joins V, with 
h of Fig. 2.14(a) can be redrawn in the form of 


V,. For example, the grap E eee 
Fig. 2.14(b) to display the fact that 1t 1 "e 
3 IfG ees every line joining Vi and Vh, then Gis a complete bigraph. If 


V, and V, have m and n points, we write G — Kmn = Kim, n). A start is a 
* Also called bico i id other things. 
"Al i ble graph, pair graph, even graph, an 

so called bicolorable grap! a “claw"; Erdös and Rényi [ERI], a “cherry.” 


+ When n = 3, Hoffman [H43] calls Kin 
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Ug 


wy 


(a) 


(b) 


Fig. 2.14. A bigraph. 


complete bigraph K,,. Clearly K mn has mn lines. Thus, if p is even. 
K(p/2, p/2) has p2/4 lines, while if p is odd, K([p/2], 1P/2]) has [p/2]{p/2} = 
[p?/4] lines. That all such graphs have no triangles follows from a theorem 
of König [K10, p. 170]. 

Theorem 2.4 A Braph is bipartite ifa 


Proof. If G isa bigraph, then its point set y can be 
V, and V, so that every line of G joins a 
every cycle vir, ++. UU, in G hecessari 
in V,, say, and the others in Y, 

For the CONVerse, we 
connected (for otherwise we can consider the components of G separately). 
Take any point vı E V, and i 1 and all points at even distance 
from v,, while oe ERR Vi. Since all the Cycles of G are €ven, every line 
joi i V». For suppose there is a line ut 
eodesics from v; to p and from 
odd cycle, a Contradiction. 


nd only if all its cycles are even. 


Partitioned into two sets 
Point of V, with a point of V,. Thus 
ly has its Oddly subscripted points 
» SO that its length n is even. 

assume, without loss of 


joining two points of Vi. 
tı to u together with the li 


4-3 States that ex (p, Ki) = [p?/4]. Some other results [E3] 
in extrema] graph theory are: 
Me = IÓ pp is, cm 


€x (P, Ka — x) = [p2/4], 


(2.4) 
€x (p, Ky 3 + x) = [p?/4]. (2.5) 
Turan [T3] generalized -his Theorem 2.3 by determining the values of 
ex (p. K,) for all n Sp, 
(n — 2p? — r?) PW 
ex (p, K,) = AS e) (2.6) 
XS Xn—1) thh 
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where p = r mod (n — 1) and 0 € r < n — 1. A new proof of this result 
was given by Motzkin and Straus [MS1]. 

It is also known that every (2n, n? + 1) graph contains n triangles, every 
(p, 3p — 5) graph contains two disjoint cycles for p > 6, and every 
(3n, 3n? + 1) graph contains n? cycles of length 4. 


INTERSECTION GRAPHS 

Let S bea set and F = (S,,:::, Sp} a nonempty family of distinct nonempty 
subsets of S whose union is S. The intersection graph of F is denoted Q(F) 
and defined by V(Q(F)) = F, with S; and S; adjacent whenever i # j and 
S; ^ 8; # f. Then a graph G is an intersection graph on S if there exists a 
family F of subsets of S for which G = Q(F). An early result [M4] on inter- 
section graphs is now stated. 


Theorem 2.5 Every graph is an intersection graph. 


Proof. For each point v; of G, let S; be the union of {v;} with the set of lines 
incident with v; Then it is immediate that G is isomorphic with Q(F) where 
F = (Sj). 

In view of this theorem, we can meaningfully define another invariant. 
The intersection number w(G) of a given graph G is the minimum number of 
elements in a set S such that G is an intersection graph on S. 


Corollary 2.5(a) If G is connected and p > 3, then w(G) < q. 

Proof. In this case, the points can be omitted from the sets S; used in the 
proof of the theorem, so that S = X(G). 

Corollary 2.5(b) If G has py isolated points and no K, components, then 


w(G) < q + Po- 
The next result tells when the upper bound in Corollary 2.5(a) is attained: 


Theorem 2.6 Let G be a connected graph with p > 3 points. Then w(G) = q 
if and only if G has no triangles. 
Proof. We first prove the sufficiency. In view of Corollary 2.5(a), it is only 
necessary to show that w(G) > q for any connected G with at least 4 points 
having no triangles. By definition ofthe intersection number, G is isomorphic 
with an intersection graph Q(F) on a set S with |S] = w(G). For each point 
v; of G, let S; be the corresponding set. Because G has no triangles, no 
element of S can belong to more than two of the sets S, and S; ^ S; +9 
if and only if vj»; is a line of G. Thus we can form a 1-1 correspondence 
between the lines of G and those elements of S which belong to exactly two 
sets S. Therefore w(G) = |S| > q so that o(G) = q. 

To prove the necessity, let o(G) = q and assume that G has a triangle. 
Then let G, be a maximal triangle-free spanning subgraph of G. By the 
preceding paragraph, @(G,) = q, = |X(G,)]|. Suppose that G, = Q(F), 
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where F is a family of subsets of some set S with cardinality q. Let x bea A 
of G not in G, and consider G, = G, + x. Since G, is maximal triangle 
G, must have some triangle, say uiuatz, where x = uus. Denote 2 
Sy, S2, Sy the subsets of S corresponding to Uy, Uz, U3. Now if u is adjon 
to only u, and uz in G,, replace S1 by a singleton chosen from Si A 85 he 
add that element to $3. Otherwise, replace S, by the union of $, and d 
element in S, © S}. In either case this gives a family F’ of distinct subse 
of S such that Gz = OF’). Thus o(G;) < q, while |X(G,)| = q, + 1- 
G; = G, there is nothing to prove. But if G; # G, then let 
IX(G) — |X(G3) = qo. 

It follows that G is an intersection graph on a set with q, + qo elements: 
However, q, + qo = q — 1. Thus w(G) < q, 

The intersection number of a graph ha 
Erdos, Goodman, and Pósa [EGP1]. They obtai 


i : 3 3 o 
bound for the intersection number of a graph with a given number 
points. 


Theorem 2.7 For any graph G with P > 4 points, w(G) < [p?/4]. 
Their proof is essentially the same as that of Theorem 2.3. 


There is an intersection graph associated with every graph which depends 
on its complete subgraphs. 


Theorem 2.8 A graph G is a clique g 
F of complete subgraphs, 


E 


Kg: 


Fig. 2.15. A graph and its clique graph. 
Excursion 


A special class of 


intersection 
by Benzer [B9] 


graphs was discovered in the field of genetics 
when he su 


EBested that a string of genes representing 4 
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bacterial chromosome be regarded as a closed interval on the real line. 
Hajós [H2] independently proposed that a graph can be associated with 
every finite family F of intervals S, which in terms of intersection graphs, is 
precisely Q(F). By an interval graph is meant one which is isomorphic to 
some graph Q(F), where F is a family of intervals. Interval graphs have been 
characterized by Boland and Lekkerkerker [BL2] and by Gilmore and 


Hoffman [GH2]. 


Gy: | Ga: G,UG2: G1+Ga: 


Fig. 2.16. The union and join of two graphs. 


OPERATIONS ON GRAPHS 

It is rather convenient to be able to express the structure of a given graph 
in terms of smaller and simpler graphs. Itis also of value to have notational 
abbreviations for graphs which occur frequently. We have already introduced 
the complete graph K and its complement K,, the cycle C,, the path P,, 
and the complete bigraph Ky,» 

Throughout this section, graphs G, and G; have disjoint point sets Y 
and V, and line sets X and X; respectively. Their union* G = G, U G; has, 
as expected, V = V, Y Va and X — X,U Xa. Their join defined by 
Zykov [Z1] is denoted G, + Gz and consists of G, U G, and all lines 
joining V, with V2 In particular, Ky, = Kn + Kn. These operations are 
illustrated in Fig. 2.16 with G; = K, = P, and G; = K,, = P, 

For any connected graph G, we write nG for the graph with n components 
ic with G. Then every graph can be written as in [HP14] in 
with G; different from G; for i # j. For example, the 
of Fig. 2.10 is 4K, U 3K; U 2K, U Kiz 
1 operations on G, and G, which result in a graph G 
whose set of points is the cartesian product V, x V,. These include the 
product (or cartesian product, see Sabidussi [SS]), and the composition 
[H21] (or lexicographic product, see Sabidussi [S6]). Other operations} of 
this form are developed in Harary and Wilcox [HW1]. 


There are severa 


ED D 
* Of course the union of two graphs which are not disjoint is also defined this way. 


f These include the tensor product (Weichsel [W6]; McAndrew [M7], Harary and Trauth 
[HT], Brualdi[B17), and other kinds of product defined in Berge [B12, p. 23], Ore[O5, p. 35], 


and Teh and vap[TY i]. 
fee No - 16821 
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(uy, 42) (u, 02) (uy, w2) 
uy 


de Ce GXG;: 


vı (0i, 1%) (Vi, v2) (01, Wa) 


Fig. 2.17. The product of two graphs. 


SA 
PIA 


(vi, u3) (vi, v2) (01, wa) 


(us, 41) (us, 01) 


(wa, ty) (a, v1) 


Fig. 2.18. Two compositions of graphs. 


To define the product G, x Gz, consider any two points u = (uj, 42) 


and v = (0, v2) in V = V, x V,. Then u and v are adjacent in G, x G2 
whenever [u, = v, and u; adj vz] or [u, = v2 and u, adj v,]. The product 
of G, = P, and G, = P, is shown in Fig. 2.17. 

The composition G — G3[G;] also has V — V, x V, as its point set, 
and u = (u,, uz) is adjacent with v = (vı v2) whenever [u, adjv,] oF 
[u, = v, and u, adj v;]. For the graphs G, and G, of Fig. 2.17, both com- 
positions G,[G,] and G;[G,], which are obviously not isomorphic, are 
shown in Fig. 2.18. 


If G, and G, are (p,, q,) and (Pa q2) 
the above operations, one can calculate t 


resulting graph, as shown in the followi 


graphs respectively, then for each of 


ng table. 
Table 2.2 
BINARY OPERATIONS ON GRAPHS 

Operation Number of points Number of lines 
Union G, UG, Pi +p q +92 
Join G, + G, by +p. sap pips 
Product. j Gi x G, Pip; P192 + P201 
Composition G,[G,] PPa Pida + P39 


he number of points and lines in the‘ 
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101 111 


Qu: Qs: 


100 110 
Fig. 2.19. Two cubes. 


The complete n-partite graph K(p,, p», ***, Pn) is defined as the iterated 
join Kp, + Kor etis nep K,. It obviously has Y p, points and Li<j DD; 
lines. 

Anespecially important class of graphs known as cubes are most naturally 
expressed in terms of products. The n-cube Q, is defined recursively by 
Q, = K, and Q, = K; x Q,-,. Thus Q, has 2" points which may be 
labeled a,a5*:: 4, Where each a, is either 0 or 1. Two points of Q, are 
adjacent if their binary representations differ at exactly one place. F igure 
2.19 shows both the 2-cube and the 3-cube, appropriately labeled. 

If G and H are graphs with the property that the identification of any 
point of G with an arbitrary point of H results in a unique graph (up to 
isomorphism), then we write G- H for this graph. For example, in Fig. 2.16 
G, = Kz: Ka while in Fig. 2:1 G — 03.= K3* Ko. 


EXERCISES* 
2.1 Draw all graphs with five points. (Then compare with the diagrams given in 
Appendix I.) 
22 Reconstruct the graph G from its subgraphs G; = G — v, where Gis etm 
G, = P, U Ky, Ga = Kis, Ge = G; = Kia + x. 
23 A closed walk of odd length contains a cycle.* 
24 Prove or disprove: 
a) The union of any two distinct walks joining two points contains a cycle. 
b) The union of any two distirict paths joining two points contains e cycle, 
2.5. A graph G is connected if and only if for any partition of V into two subsets V, and 
Vp there is a line of G joining a point of V, with a point of V,. 
2.6 Ifd(u, v) = min G, what is d(u, v) in the nth power G^? 


MIE ee 
* Whenever a bald statement is made, it is to be proved. An exercise with number in bold face 


is more difficult, and one which is also starred is most difficult. 
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27 A graph H isa square root of G if H? = G. A graph G with p points has a square 
root if and only if it contains p complete subgraphs G, such that 
1. eG, 
2. v,€G;, if and only if v; € G;, 


3. each line of G is in some G;. (Mukhopadhyay [M18]) 


28 A finite metric space (S, d) is isomorphic to the distance space of some graph if 
and only if 
1. The distance between any two points of S is an integer, 
2. If d(u, v) > 2, then there is a third point w such that d(u, w) + d(w, v) = d(u, v). 
(Kay and Chartrand [KC1]) 
2.9 Ina connected graph any two longest paths have a point in common. 


2.10 It is not true that in every connected graph all longest paths have a point in 
common. Verify that Fig. 2.20 demonstrates this. (Walther [w4]) 


Fig. 2.20. A counterexample for Exercise 2.10. 


211 Every graph with diameter d and girth 2d + 1 is regular. 


2.12 Let G be a (p, q) graph all of Whose points have 
Px > 0 points of degree k and Pk« points of degree k + 
2.13 Construct a cubic graph with 2n points (n > 3) ha 
2.14 If G has p points and ö(G) > (p — 1)/2, then G is 
2.15 If G is not connected then G is, 


2.16 Every self- 


(Singleton [S13]) 
degree k or k + 1. If G has 
1, then p, = (k + 1)p — 24- 
ving no triangles. 

connected. 


complementary graph has 4n or 4n + 1 points. 
2.17 Draw any four of the ten self-complementary graphs with eight points. 
2.18 Every nontrivial self-complementary graph has diameter 2 or 3. 


(Ringel [R11], Sachs [S8]) 
2.19 The Ramsey numbers satisfy the recurrence relation, 


rm, n) < r(m — 1, n)  r(m,n — 1). (Erdós and Szekeres [ES1]) 
220 Find the maximum number of lines in a graph with p points and no even cycles. 
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2.21 Find the extremal graphs which do not contain K;. (Turän [T3]) 
2.22 Every (p, p + 4) graph contains two line-disjoint cycles. (Erdós [E3]) 
223 The only (p. [p?/4]) graph with no triangles is K([p/2], {p/2}). 
224 Prove or disprove: The only gra; i i i i : 
AER UN y graph on p points with maximum intersection number 
2.25 The smallest graph having every line in at least two triangles but some line in no 
K, is the octahedron K, + C4. (J. Cameron and A. R. Meetham) 
2.26 Determine w(K,), oC, + Ky), oC, + C,), and oXC,). 
2.27 Prove or disprove: 

a) The number of cliques of G does not exceed w(G). 

b) The number of cliques of G is not less than oXG). 
228 Prove that the maximum number of cliques in a graph with p points where 
p—4=3r+s,s=0,1 or 2 is =+, (Moon and Moser [MM1]) 
2.29 A cycle of length 4 cannot be an induced subgraph of an interval graph. 
230 Ut denote e maximum nas of points reb Wek ne s 


sn) | 4 6 8 14 (Danzer and Klee [DK1]) 
231 Prove or disprove: If G, and G, are regular, then so is 
a) Gi + Gz b) G, x Gz. — e) G,[G,]. 
232 Prove or disprove: If G, and G; are bipartite, then so is 
a) Gi + G2. | b) G, x G c) G,[G;]. 
2.33 Prove or disprove: 
a)G, *G;-G, +G 6,xG,=G,xG, o) GIG) = Gl. 
234 a) Calculate the number of cycles in the graphs (a) C, + Ky, (b) K (c) Kim: 
: (Harary and Manvel [HM1]) 
b) What is the maximum number of line-disjoint cycles in each of these three 
graphs? (Chartrand, Geller, and Hedetniemi [CGH2]) 
2.35 The conjunction G, A G; has V, x V, asits point set and u = (u,, u2) is adjacent 
to v = (v, v2) whenever u, adj v, and u, adj vz. Then when G, and G, are connected 
G, x G, = G, ^ Gz if and only iG, = Gz = Camas. (Miller [M11]) 
2.36 The conjunction G; ^ G; of two connected graphs is connected if and only if 
G, or G; has an odd cycle. 
*237 There exists a regular graph of degree r with r? + 1 points and diameter 2 only 
for r = 2, 3, 7, and possibly 57. (Hoffman and Singleton [HS1]) 
*238 A graph G with p — 2n has the property that for every set S of n points, the 
induced subgraphs ($5 and (V — S) are isomorphic if and only if G is one of the 
K, x Kz 2K,, 2C4 and their complements. 


(Kelly and Merriell [KM1]) 


following: K2,. 


CHAPTER 3 


BLOCKS 


Not merely a chip of the old block, 


but the old block itself. 
EDMUND BURKE 


Some connected graphs can be disconnected by the removal of a single 
point, called a cutpoint. The distribution of such points is of considerable 
assistance in the recognition of the structure of a connected graph. Lines 
with the analogous cohesive property are known as bridges. The fragments 
of a graph held together by its cutpoints are its blocks, After characterizing 
these three concepts, we study two new graphs associated with a given 
graph: its block graph and its cutpoint graph. 


CUTPOINTS, BRIDGES, AND BLOCKS 


A cutpoint of a graph is one whose removal increases the number of com- 
ponents, and a bridge is such a line. Thus if v is a cutpoint of a connected 
graph G, then G — v is disconnected. A nonseparable graph is connected» 
nontrivial, and has no cutpoints. A block of a graph is a maximal nonsepar- 
able subgraph. If G is nonseparable, then G itself is often called a block. 


Fig. 3.1. A graph and its blocks. 


DE 
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In Fig. 3.1, v is a cutpoint while w is not ; x is a brid i 

o ; ge but y is not; and 
the four blocks of G are displayed. Each line of a graph lies in exactly one 
ofits blocks, as does each point which is not isolated or a cutpoint. Further- 
more, the lines of any cycle of G also lie entirely in a single block. Thus in 
particular, the blocks of a graph partition its lines and its cycles regarded 
as sets of lines. The first three theorems of this chapter present several 
equivalent conditions for each of these concepts. 

Theorem 3.1 Let v be a point of a connected graph G. The following state- 

ments are equivalent : 

(1) vis a cutpoint of G. 

(2) There exist points u and w distinct from v such that v is on every u-w 
path. 

(3) There exists a partition of the set of points V — {v} into subsets U and 
W such that for any points u e U and w e W, the point v is on ever 
u-w path. d 

Proof. (1)implies(3) Sincevisacutpoint of G,G — vis disconnected and has 

at least two components. Form a partition of V — (v) by letting U consist 

of the points of one of these components and W the points of the others. 

Then any two points u e U and w € W lie in different components of G — 0. 

‘Therefore every u-w path in G contains v. j 

(3) implies (2) This is immediate since (2) is a special case of (3). 

(2) implies (1) If vis on every path in G joining u and w, then there cannot be 

a path joining these points in G — v. Thus G — v is disconnected, so v is a 

cutpoint of G. à 

Theorem 3.2 Let x bea line ofa connected graph G. The followi 

. o 

e van wing statements 

(1) xisa bridge of G. 

(2) x is not on any cycle of G. 

(3) There exist points u and v of G such that the line x is on every path 
joining u and v. 

(4) There exists a partition of V into subsets U and W such that for any 
points u € U and w € W, the line x is on every path joining u and w. 


Theorem 3.3. Let G be a connected graph with at least three points. The 
following statements are equivalent: ` 


(1) G is a block. 
(2) Every two points of G lie on a common cycle. 
(3) Every point and line of G lie on a common cycle. 


28 BLOCKS 


(4) Every two lines of G lie on a common cycle. 


(5) Given two-points and one line of G, there is a path joining the points 
which contains the line. 


(6) For every three distinct points of G, there is a 


path joining any two of 
them which contains the third. 


= 
3 


For every three distinct points of G, there i 
them which does not contain the third. 


Proof. (1) implies (2) Let uand v 


s a path joining any two of 


be distinct points of G, and let U be the set of 
points different from u which lie on a cycle containing u. Since G has at 
least three points and no cutpoints, it has no bridges ; therefore, every point 
adjacent to u is in U, so U is not empty. 


P, 


Pa 


(a) 


Fig. 3.2. Paths in blocks. 


Suppose v is not in U. Let w bea Point in U for which the distance 
d(w, v) is minimum. Let P, be a sh 


Ortest w-v path, and let P, and P, be the 
two u-w paths of a cycle containing u and w (see Fig. 3.2). Since w is not a 
cutpoint, there is a u-v path P' not containing w (see Fig. 3.2b). Let w' be the 
point nearest u in P' which is also in Po, and let u’ be the last point of the 
uw" eae of P' in either P, or P;. Without loss of Benerality, we assume 
u’ isin P,. 


Let Q, be the u-w' path consisting of the y 
u'—w' subpath of P’. Let Q; be the u-w' 
w-w' subpath of Py. Then Q, 
they form a cycle, so w' is in 
d(w', v) < d(w, v). This contradic 
lie on a cycle. 


-w' subpath of P, and the 
path consisting of P, followed by the 
and Q, are disjoint u-w' paths. Together 
U. Since w is On a shortest w-v path, 
ts our choice of w, proving that u and v do 


(2) implies (3) Let u be a point and vwa line of G. L 


and pw 


3) implies (4) Thi i a : 
nA rd) his proof is analogous to the preceding one, and the details 
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(4) implies (5) Any two points of Gare incident with one line each, which lie on 
a cycle by (4). Hence any two points of G lie on a cycle, and we have (2), so 
also (3). Let uand v be distinct points and xa line of G. By statement (3), there 
are cycles Z, containing u and x, and Z, containing v and x. If v is on Z, or 
uis on Z,, there is clearly a path joining u and v containing x. Thus, we need 
only consider the case where v is not on Z, and u is not on Z;. Begin with 
u and proceed along Z, until reaching the first point w of Z,, then take the 
path on Z; joining w and v which contains x. This walk constitutes a path 
joining u and v that contains x. 


(5) implies (6) Let u, v, and w be distinct points of G, and let x be any line in- 
cident with w. By (5), there is a path joining u and v which contains x, and 
hence must contain w. 

(6) implies (7) Let u, v, and w be distinct points of G. By statement (6), there 
is a u-w path P containing v. The u-v subpath of P does not contain w. 

(7) implies (1) By statement (7), for any two points u and v, no point lies on 
every u-v path. Hence, G must be a block. 


Theorem 3.4 Every nontrivial connected graph has at least two points 
which are not cutpoints. 


Proof. Let u and v be points at maximum distance in G, and assume v is a 
cutpoint. Then there is a point w in a different component of G — v than u 
Hence v is in every path joining u and w, so d(u, w) > d(u, v), which is im- 
possible. Therefore v and similarly u are not cutpoints of G. 


BLOCK GRAPHS AND CUTPOINT GRAPHS 


There are several intersection graphs derived from a graph G which reflect 
its structure. If we take the blocks of G as the family F of sets, then the 
intersection graph Q(F) is the block graph of G, denoted by B(G). The blocks 
of G correspond to the points of B(G) and two of these points are adjacent 
whenever the corresponding blocks contain a common cutpoint of G. On 


B(G): 


C(G): e—a 
Fig. 3.3. A graph, its block graph, and its cutpoint graph. 
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d, to obtain a graph whose points correspond to the cutpoints 
pe s the sets S; to be the union of all blocks which contain pr 
cutpoint v; The resulting intersection graph QF) is called the cupo 
graph, C(G). Thus two points of C(G) are adjacent if the cutpoints o cn 
which they correspond lie on a common block. Note that C(G) is de a 
only for graphs G which have at least one cutpoint. Figure 3.3 illustra 
these concepts, which were introduced in [H28]. 


Theorem 3.5. A graph H is the block graph of some graph if and only if every 
block of H is complete. 


Proof. Let H — B(G), and assume there is a block H, of H which is not 
complete. Then there are two points in H; which are nonadjacent and lie on 
a shortest common cycle Z of length at least 4. But the union of the 
blocks of G corresponding to the points of H; which lie on Z is then connected 
and has no cutpoint, so it is itself contained in a block, contradicting the 
maximality property of a block of.a graph. 

On the other hand, let H be a given graph in which every block is com- 
plete. Form B(H), and then form a new graph G by adding to each point Hi 


of B(H) a number of endlines equal to the number of points of the block Hi 
which are not cutpoints of H. Then it is easy to see that B(G) is isomorphic 
to H. 


Clearly the same criterion also characterizes cutpoint graphs. 
EXERCISES 


3.1 What is the maximum number of cutpoints in a graph with p points? 
32 A cubic graph has a cutpoint if and only if it has a bridge. 

3.3 The smallest number of points in a cubic graph with a bridge is 10. 
34 Ifv isa cutpoint of G, then vis nota cutpoint of the complement G. 


(Harary [H15]) 
3.5 A point v of Gis a cutpoint if and only if there are points u and w adjacent to 
v such that v is on every u-w path. 


3.6 Prove or disprove: A connected gra, 


Ph G with p > 3 is a block if and only if 
given any two points and one line, there i 


S a path joining the points which does not 
contain the line. 
3.7 Aconnected graph with at least two lines is a block ifand only if any two adjacent 
lines lie on a cycle. 


3:8 Let G be a connected graph with at least three points. The following statements 
are equivalent: 


l. G has no bridges. 
2. Every two points of G lie on à common closed trail. 
3. Every point and line of G lie on a common closed trail. 
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4. Eveny two lines of G lie on a common closed trail. 
5. For every pair of points and every line of G, there is a trail joining the points 
which contains the line. 
6. For every pair of points and every line of G, there is a path joining the points 
which does not contain the line. 
7. Forevery three points there is a trail joining any two which contains the third. 
3.9 If G isa block with ô > 3, then there is a point v such that G — vis also a block. 
(A. Kaugars) 
3.10 The square of every nontrivial connected graph is a block. 


3.11 If G is a connected graph with at least one cutpoint, then B(B(G)) is isomorphic 
to C(G). 

3.12. Let b(v) be the number of blocks to which point v belongs in a connected graph 
G. Then the number of blocks of G is given by 


b(G) — 1 = Y [b(o) — 1]. (Harary [H22]) 
3.13 Let c(B) be the number of cutpoints of a connected graph G which are points of 
the block B. Then the number of cutpoints of G is given by 


c(G) — 1 => [«(B) - 1]. (Gallai [G3]) 
3.14 A block G is line-critical if every subgraph G — x is not a block. A diagonal of G 
is a line joining two points of a cycle not containing it. Let G be a line-critical block 
with p > 4. : 
a) G has no diagonals. 
b) G contains no triangles. 
c) psa 2-4. 
d) The removal of all points of degree 2 results in a disconnected graph, provided 
G is not a cycle. (Plummer [P4]) 


CHAPTER 4 


TREES 


Poems are made by fools like me; 
But only God can make a tree. 
Joyce KILMER 


There is one simple and important kind of graph which has been given the 
same name by all authors, namely a tree. Trees are important not only for 
sake of their applications to many different fields, but also to graph theory 
itself. One Teason for the latter is that the very simplicity of trees make it 
possible to investigate conjectures for graphs in general by first studying 


the situation for trees. An example is provided by Ulam’s conjecture 
mentioned in Chapter 2. 


Several ways of defining a tree are developed. Using geometric termin- 
ology, we study centrality of trees, This is followed by a discussion of a tree 
which is naturally associated with every connected graph: its block-cutpoint 
tree. Finally, we see how each spanning tree of a graph G gives rise to 2 
collection of independent cycles of G, and mention the dual (complementary) 
construction of a collection of independent cocycles from each spanning 
cotree. 


CHARACTERIZATION OF TREES 


(1) Gis a tree. 
(2) Every two Points of G are 


joined by a unique path. 
* It is interesting to ask mit : ; 
BEEN end E durchs io draw the trees with eight points. Some trees will frequently 
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Fig. 4.1. The 23 trees with eight points. 


(3) G is connected and p — q 1. 

(4) Gis acyclic and p = q + 1. 

(5) G is acyclic and if any two nonadjacent points of G are joined by a line x, 
then G + x has exactly one cycle. 

(6) G is connected, is not K, for p > 3, and if any two nonadjacent points 
of G are joined by a line x, then G + x has exactly one cycle. 


(7) G is not K U K, or K U Ka, P = q + 1, and if any two nonadjacent 
points of G are joined by a line x, then G + x has exactly one cycle. 


Proof. (1)implies(2) Since Gisconnected, every two points of G are joined by 
a path. Let P, and P; be two distinct paths joining u and v in G, and let w 
be the first point on P, (as we traverse P, from u to v) such that w is on both 
P, and P; but its successor on P, is not on P,. If we let w' be the next point 
on P, which is also on P5, then the segments of P, and P, which are between 
wand w’ together form a cycle in G. Thus if G is acyclic, there is at most one 
path joining any two points. à j 

(2) implies (3) Clearly Gis connected. We prove p = q + 1 by induction. It 
is obvious for connected graphs of one or two points. Assume it is true 
for graphs with fewer than p points. If G has p points, the removal of any 
line of G disconnects G, because of the uniqueness of paths, and in fact this 
new graph will have exactly two components. By the induction hypothesis 
each component has one more point than line. Thus the total number of 


lines in G must be p — 1. 


"(3) implies (4) Assume that G has a cycle of length n. Then there are n points 


and n lines on the cycle and for each of the p — n points not on the cycle, 


34 TREES 


i i line 
there is an incident line on a geodesic to a point of the cycle. Each such 
is different, so q > p, which is a contradiction. 


(4) implies (5) Since G is acyclic, each component of G is a tree. If vs p E 
components, then, since each one has one more point than line, pd Ar 
k = 1 and G is connected. Thus G is a tree and there is exactly one Pt 
connecting any two points of G. If we adda line uv to G, that line, togel * 
with the unique path in G joining u and v, forms a cycle. The cycle is uniq 
because the path is unique. 3 

(5) implies (6) Since every K,forp > 
them. Graph G must be connected, 
joining two points in different co 
acyclic. 


3 contains a cycle, G cannot be one E 
for otherwise a line x could be a 
mponents of G, and G + x would 


two points of G are joined by a nn 
^P = q + 1. Certainly every two poma 
points of G are joined by two paths, o 
! Sa Cycle. This cycle cannot have four O 


(7) implies (1) If G has a Cycle, that cycle must be a triangle which is a com- 
ponent of G, by an argument in h 

has three points and three lines. All other components of G must be m 
and, in order to make P=q+1, y One other component. 
this tree contains a path of length 2, it wi 

obtain two cycles in G X ch 
G must be K} U K, or Kyu K,, whic 
excluded. Thus G is acyclic. But į 


connected since (4) implies (5) impli 
proved, 


ree must be either K, or K;. SO 
h are the graphs which have been 
f G is acyclic and p =q + 1, then GIS 
es (6). So G is a tree, and the theorem is 


Because a nontrivial 


é tree has Y q, 
two points with degree les 


= 2q = 2p — 1), there are at least 
s than 2, 


Corollary 4.1(a) Every nontrivial tree has at least two endpoints. 


This result also follows from Theorem 344, 
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Fig. 4.2. The eccentricities of the points of a tree. 


CENTERS AND CENTROIDS 


The eccentricity e(v) of a point v in a connected graph G is max d(u v) for all 
uin G. The radius r(G) is the minimum eccentricity of the points. Note that 
the maximum eccentricity is the diameter. A point v is a central point if 
e(v) = r(G), and the center of G is the set of all central points. 

In the tree of Fig. 42, the eccentricity of each point is shown. This tree 
has diameter 7, radius 4, and the center consists of the two sitis u and v, 
each with minimum eccentricity 4. The fact that u and v are EET, 
illustrates a result discovered by Jordan* and independently by sued : 
König [K 10, p. 64]. i 
Theorem 4.2. Every tree has a center consisting of either one point or t 
adjacent points. vy 
Proof. The result is obvious for the trees K, and K,. We show that 
other tree T has the same central points as the tree T' obtained by rem ds 
all endpoints of T. Clearly, the maximum of the distances from a iin Soin 
f T to any other point v of T will occur only when v is an ead ott PET 
Thus, the eccentricity of each point in T’ will be exactly one ee than th 
eccentricity of the same point in T. Hence the points of T which aot 
minimum eccentricity in T are the same points having minimum here i 
in T', that is, T and T' have the same center. If the process of puru 
endpoints is repeated, we obtain successive trees having the same shes 
as T. Since T is finite, we eventually obtain a tree which is either K, or K 
In either case all points of this ultimate tree constitute the center of T wich 
thus consists of just a single point or of two adjacent points. 3 


uo 


A branch at a point u of à tree T is a maximal subtree containing u as an 
endpoint. Thus the number of branches at u is deg u. The weight at a point 
uof T isthe maximum number of lines in any branch at u. The weights at the 


* Of Jordan Curve Theorem fame. 
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Ui 


% Xs Us Xo Uo 


Fig. 4.6. A graph to illustrate the boundary and coboundary operators. 


In Fig. 4.6, the 1-chain c, = x, + X2 + X4 + Xo has boundary 
00, = 


(o, + v2) + (v, + v3) + (0, + va) + (v5 + ve) 
= 03 + 04 + Vs + ve, 


and the 0-chain o, = V3 + 04 + 05 + vg has as its coboundary 


509 = (x, + x4 + Xo + x) + (x4 + xg) 


+ (xs + xe + Xg + xj) + (x7 + xg) 
aos Kart hap Kat 


A 1-chain with boundary 0 is a cycle vector* of G and can be regarded as 
a set of line-disjoint cycles. The collection of ali cycle vectors forms a vectof 
space over F called the cycle space of G. A cycle basis of G is defined as 2 
basis for the cycle space of G which Consists entirely of cycles. We say 2 
cycle-vector Z depends on the cycles Z,, Za, ..., Z, if it can be written 


as Df, &Z,. Thusa cycle basis of G is a maximal collection of independent 
cycles of G, or a minimal collection of cycl 


A cutset of a connected 
results in a disconnected graph. A cocycle 


; REE 
me graph theorists call this a “cycle,” They then use “circuits” © 
lygons" for our cycles. 
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AN 


Fig. 4.7. Graph, tree, and cotree. 


do RAR 


Fig. 4.8. A cocycle basis for G of Fig. 4.7. 


of cycles obtained in this way (one from each chord) is independent, since 
each contains a line not in any of the others. Also, every cycle Z depends 
on the set Z(T), for Z is the symmetric difference of the cycles determined by 
the chords of T which lie in Z. Thus if we define m(G), the cycle rank, to be 
the number of cycles in a basis for the cycle space of G, we have the following 


result. 
Theorem 4.5 The cycle rank of a connected graph G is equal to the number 


of chords of any spanning tree in G. 
ry 4:5(a) If G is a connected (p, q) graph, then m(G) = q — p + 1. 
y 4.5(b) If G is a (p. q) graph with k components, then 

m(G) =q =p +k. 


sults are true for the cocycle space. The cotree T* of a spanning 
tree T in a connected graph G is the spanning subgraph of G containing 
exactly those lines of G which are not in T. A cotree of G is the cotree of 
some spanning tree T. In Fig. 4.7, a spanning tree T and its cotree T* 
are displayed for the same graph G as in Fig. 4.6. The lines of G which are 
not in T* are called its twigs. The subgraph of G consisting of T* and any 
one of its twigs contains exactly one cocycle. The collection of ‚socycles 
obtained by adding twigs to T*, one at a time, is seen to be a basis for the 
cocycle space of G. This is illustrated in Fig. 4.8 for the graph G and cotree 
eed Fig. 4.7, with the cocycles indicated by heavy lines. The cocycle rank 
es ie me number of cocycles in a basis for the cocycle space of G. 


Corolla 


Corollar 


Similar re 
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Theorem 4.6 The cocycle rank of a connected graph G is the number of 
twigs in any spanning tree of T. 


As in the case of cycles, we have two immediate corollaries. 


Corollary 4.6(a) If G is a connected (p, q) graph, then m*(G) = p — 1. 


Corollary 4.6(b) IfG isa (p, q) graph with k components, then m*(G) = p — k. 
Excursion d 
The 1-dimensional case of an important general result about simplicial 
complexes can be derived from Theorem 4.5. The Euler-Poincaré equation 

"OC CAE Oe Seem Roe By HB 
where the fj, are the Betti numbers a 
of each dimension, holds for ever 


nd the a, are the numbers of simplexes 
y simplicial complex. Recall from Chapter 1 


complex, with its points O-siraplexes and its 
lines 1-simplexes. Fora graph, Bo = k, 


> % = fj, = 0, for all n> 1. Thus 


m(G) and we see that Corollary 4.5(b) 
phs. 


MATROIDS 


This subject was first introduced by Whitney [W15]. A discussion of the 
basic properties of matroids, as well as Several equivalent axiomatic formula- 
tions, may be found in Whitney’s original paper. 

A matroid consists of a finite set M of elements together with a family 
E = (Ci Ca} of nonempty subsets of M, called circuits, satisfying th€ 
axioms: 


1. no proper subset of a Circuit is a circuit; 
2. ifx €C, ^ C, then CUC, 


{x} contains a circuit. 


; ious that G yields another matroid 
by taking the cocycles of G as the circuits, These are called respectively the 
cycle matroid and the cocycle matroid of G. 

Another, equivalent, definition of matroid is as follows. A matroid 
consists of a finite set M of elements together with a family of subsets of M 
called independent sets such that à 


l. the empty set is independent ; 
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2. every subset of an independent set is independent ; 


3. for every subset A of M, all maximal independent sets contained in A 
have the same number of elements. 


A graph G yields a matroid in this sense by taking the lines of G as set 
M and the acyclic subgraphs of G as the independent sets. 

The duality (cycles vs. cocycles, trees vs. cotrees) which appears in the 
preceding section is closely related to duality in matroids. Minty [M12] 
constructed a self-dual axiom system for “graphoids” which displays matroid 
duality explicitly. 

A graphoid consists of a set M of elements together with two collections 
@ and 2 of nonempty subsets of M, called circuits and cocircuits respectively, 


such that: 


1. for any C € € and De2,|cCnD #1; 

2. no circuit properly contains another circuit and no cocircuit properly 
contains another cocircuit; 

3. for any painting of M which colors exactly one element green and the 
rest either red or blue, there exists either 
a) a circuit C containing the green element and no red elements, or 
b) a cocircuit D containing the green element and no blue elements. 


While the cycles of every graph form a matroid, not every matroid can 
so arise from a graph, as we shall see in Chapter 13. Two comprehensive 
references on matroid theory are Minty [M12] and Tutte [T19]. 


Excursion 

Ulam's conjecture is still as unsolved as ever for arbitrary graphs. But 
Kelly [K5] proved its validity for trees. As we have seen, the point of view 
toward this conjecture proposed in [H29] is that if G has p > 3 and one is 
presented with the p unlabeled subgraphs G; = G — v, then the graph G 
itself can be reconstructed uniquely from the G,. Kelly’s result for trees 
was extended in [HP6] where it is shown that every nontrivial tree T can be 
reconstructed from only those subgraphs T; 2 T — v, which are themselves 
trees, that is, such that v; is an endpoint. This has been improved, in turn, by 
Bondy, who showed [B15] that a tree T can be reconstructed from its 
subgraphs T — "i with the v; the peripheral points, those whose eccentricity 
equals the diameter of T. Manvel [M2] then showed that almost* every tree 
T can be reconstructed using only those subtrees T — v; which are non- 
isomorphic. Another class of graphs has been reconstructed by Manvel 
[M3], namely unicy which are connected and have just one cycle. 


clic graphs, 


* With justtwo pairs of exceptional trees. 
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EXERCISES 


4.1 Draw all trees with nine points. Then compare your diagrams with those 
Appendix II. ) 
42 Every tree is a bigraph. Which trees are complete bigraphs? 
4.3 The following four statements are equivalent. 
(1) G isa forest. : 
(2) Every line of G is a bridge. 
(3) Every block of G is K ;. l 
id Every nonempty intersection of two connected subgraphs of G is connected. 
44 The following four statements are equivalent. 
(1) G is unicyclic. 
(2) G is connected and p — q. ^ 
(3) For some line x of G, the graph G — x is a tree. f 
(4) G is connected and the set of lines of G Which are not bridges form a cycle. 


(Anderson and Harary [AH!]) 
45 Forany connected graph G, r(G) < d(G) < 2r(G). 


4.6 Construct a tree with disjoint center and centroid, each having two points. 
4.7 The center of any connected graph lies in a block. (Harary and Norman [HN2] 


4.8 Given the block-cutpoint tree be(G) of a connected graph G, determine the block- 
graph B(G) and the cutpoint-graph C(G). 


/ ith 
49 Determine the cycle ranks of (a) Kp (b) Kmm (c) a connected cubic graph wit 
p points. 


4.10 The intersection of a cycle and a cocycle contains an €ven number of lines. 
4.11 A graph is bipartite if and only if every cycle in some cycle basis is even. 


4.12 Every connected graph has a spanning tree. 


E jon 
413 Show how the block-cutpoint graph of any graph can be defined as an intersect! 
graph. 


4.14 A cotree of a connected graph is a maximal 


l subgraph containing no cocycles. 
4.15 


A tree with p > 3 has diameter 2 if and only if it is a star. 


4.16 Prove or disprove: 


a) If G has diameter 


2, then it has a spanning star, 
b) If G has a spanni 


ng star, then it has diameter 2. 
Determine all connected graphs G for which Gz bc(G). 


The maximum number of lines in a graph with P Points and radius r is 


(). if r2 1, 


Dp — 22] if r=2, 


UP? — 4rp + Sp + 472 -6r if 7>3. (Vizing [V5 
G is a block if and only if-every two lines lie 9n à common cocycle. 
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CHAPTER 5 


CONNECTIVITY 


We must all hang together, 
or assuredly we shall all hang separately. 
B. FRANKLIN 


The connectivity of graphs is a particularly intuitive area of graph theory 
and extends the concepts of cutpoint, bridge, and block. Two invariants 
called connectivity and line-connectivity are useful in deciding which of two 
graphs is "more connected." 

There is a rich body of theorems concerning connectivity. Many of 
these are variations of a classical result of Menger, which involves the number 
of disjoint paths joining a given pair of points in a graph. We will see that 
several such variations have been discovered in areas of mathematics other 
than graph theory. 


CONNECTIVITY AND LINE-CONNECTIVITY 


The connectivity x = k(G) of a graph G is the minimum number of points 
whose removal results in a disconnected or trivial graph. Thus the con- 
nectivity of a disconnected graph is 0, while the connectivity of a connected 
graph with a cutpoint is 1. The complete graph K, cannot be disconnected 
by removing any number of points, but the trivial graph results after re- 
moving p — 1 points; therefore, x(K,) = p — 1. Sometimes x is called the 
point-connectivity. 

Analogously, the line-connectivity A = A(G) ofa graph G is the minimum 
number of lines whose removal results in a disconnected or trivial graph. 
Thus A(K,) = 0 and the line-connectivity of a disconnected graph is 0, while 
h with a bridge is 1. Connectivity, line-connectivity, 


that of a connected grap i > 
lated by an inequality due to Whitney [W11]. 


and minimum degree are re 


Theorem 5.1 For any graph G, 
x(G) < AG) < 4G). 
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= 0! 
Proof. We first verify the second inequality. If G has no pei wu 2 
eine a disconnected graph results when all the lines inciden | 
int of nn degree are removed. In either case, 2 < ô. T 
BS To obtain the first inequality, various cases are d ¡age WM 
disconnected or trivial, then x = 2 = 0. IfG is connected parame NE 
then 4 = 1. In this case, x = 1 since either G has a cutpoint puli. | 
or Gis K,. Finally, suppose G has 2 I2 lines whose removal es wii 
it. Clearly, the removal of 4 — 1 of these lines produces a grap men. 
bridgex = uv. Foreachofthese} — 1 lines, select an incident me esl 
from u or v. The removal of these points also removes the å — 1 ae HW: 
quite possibly more. If the resulting graph is disconnected, then K "hel E 
not, x is a bridge, and hence the removal of u or v will result in el 
disconnected or a trivial graph, so x < 4 in every case. (See Fig. 5.1.) 


Fig. 5.1. A graph for which x = 2,4 = 3, and ô = 4. 
2 vith 
Chartrand and Harary [CH4] constructed a family of graphs WI; 
prescribed connectivities which also i 


^ A, and 6 imposed by Theorem 
cannot be improved. 


Theorem 5.2. For all j 


ntegers a, b, c such that 0 
graph G with x(G) 


= a, A(G) = b, and 0(G) = c 


Chartrand [C8] pointed outt 
inequality of Theorem 5.1 become: 


. så 
< a € b x< c, there exist 


d 
hat if ô is large enough, then the seco? 
s an equality, 

Theorem 5.3. If G has P points and ó(G) > 


[p/2], then 4G) = a(G). 
For example, if G is 


Theorem 5.4 Among all graphs with p points and 
connectivity is 0 when q < 


qu 
4 lines, the maxim" 
P — Land is [2g/p], 


when q > p — 1. 


CONNECTIVITY AND LINE-CONNECTIVITY 45 


Outline of proof. Since the sum of the degrees of any (p, 4) graph G is 2q, the 
mean degree is 2g/p. Therefore ö(G) < [2q/p], so x(G) < [2q/p] by Theorem 
5.1. To show that this value can actually be attained, an appropriate family 
of graphs can be constructed. The same construction also gives those 
(p, q) graphs with maximum line-connectivity. 


Corollary 5.4(a) The maximum line-connectivity of a (p, q) graph equals the 
maximum connectivity. 

Only very recently the question of separating a graph by removing a 
mixed set of points and lines has been studied. A connectivity pair of a graph 
G is an ordered pair (a, b) of nonnegative integers such that there is some set 


of a points and b lines whose removal disconnects the graph and there 
is no set of a — 1 points and b lines or of a points and b — 1 lines with this 
property. Thus in particular the two ordered pairs (x, 0) and (0, 2) are 
conrtectivity pairs for G, so that the concept of connectivity pair generalizes 
both the point-connectivity and the line-connectivity of a graph. It is readily 
seen that for each value of a, 0 < a < x, there isa unique connectivity pair 
(a, b,); thus G has exactly x + 1 connectivity pairs. 

The connectivity pairs of a graph G determine a function f from the 
set. (0, 1,:::,x] into the nonnegative integers such that f(x) = 0 (cf. 
Theorem 5.1) This is called the connectivity function of G. It is strictly 
decreasing, since if (a, b)isa connectivity pair with b > 0 there is obviously 
aset ofa + 1 points and b — 1 lines whose removal disconnects the graph 
or leaves only one point. The following theorem, proved by construction in 
Beineke and Harary [BH6], shows that these are the only conditions which 


a connectivity function must satisfy. 
Theorem 5.5. Every decreasing function f from (0, 1, <+ +, xj into the non- 
negative integers such that f(x) = 0 is the connectivity function of some 
graph. 

A grap 
We note that a 
and that it is 2- 


h G is n-connected if k(G) > n and n-line-connected if A(G) > n. 
nontrivial graph is 1-connected if and only if it is connected, 
connected if and only if it is a block having more than one 
line. So K; is the only block not 2-connected. From Theorem 3.3, it 
therefore follows that G is 2-connected if and only if every two points of G 
lie on a cycle. Dirac [D8] extended this observation to n-connected 


graphs. 
Theorem 5.6 If G is 
on a cycle. 

By taking G to be the cy 
true fi 2. 
rue forn > of 3-connected graphs also exists, although its 


A characterization : 
formulation is not as easi! n order to present this result, we need 


n-connected, n > 2, then every set of n points of G lie 


cle C, itself, it is seen that the converse is not 


ly given. I 
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We=Ki+Cs: 


Fig. 5.2. A wheel. 


the “wheel” invented by the eminent graph theorist W. T. Tutte. Forn > ^ 
the wheel W, is defined to be the graph K, + C,_,. (See Fig. 5.2.) 

Tutte's theorem (T13] characterizing 3 
stated. 


Theorem 5.7. A graph G is 3 
obtained from a wheel by 
types: 


; de e 
-connected if and only if G is a wheel or can E. 
a sequence of operations of the following 1W 


1. The addition of a new line. 


2. The replacement of a point v havin 
points v', v" such that each point for: 
one of v' and v" 


; t 

8 degree at least 4 by two adjad y 

merly joined to v is joined to exag 3, 
so that in the resulting graph, deg v' > 3 and deg v” Z 

The graph G of Fi 

wheel W, as indicated. 


An n-component of a graph G is a maximal n-connected subgraph. T 
particular, the l-components of G are the nontrivial components of G Wi 
the 2-components are the blocks of G with at least 3 points. It is read! y 
seen that two different 1-components have no points in common, and tW 


BA Eg-ped 


©) Ms 
G: 


© (d) 


Fig. 5.3. Demonstration that a graph is 3 


x ; e 
8. 5.3 is 3-connected since it can be obtained from th 


-connected. 


c 
-connected graphs can now b 
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Fig. 5.4. A graph with two 3-components which meet in two points. 


distinct 2-components meet in at most one point. These facts have been 
generalized by Harary and Kodama [HK1]. (See Fig. 5.4.) 


Theorem 5.8 Two distinct n-components of a graph G have at most n — 1 


points in common. 


GRAPHICAL VARIATIONS OF MENGER’S THEOREM 


In 1927 Menger [M9] showed that the connectivity of a graph is related to 
the number of disjoint paths joining distinct points in the graph. Many 
of the variations and extensions of Menger's result which have since appeared 
have been graphical, and we discuss some of these here. By emphasizing the 
form these theorems take, it is possible to classify them in an illuminating 
Let u and v be two distinct points of a connected graph G. Two paths 
joining u and v are called disioint (sometimes cailed point-disjoint) if they 
have no points other than u and v (and hence no lines) in common; they are 
line-disjoint if they have no lines in common. A set S of points, lines, or points 
and lines separates u and v if u and v are in different components of G — 5. 
Clearly, no set of points separates two adjacent points. Menger's Theorem 
was originally presented in the *point form" given in Theorem 5.9. 


Theorem 5.9 The minimum number of points separating two nonadjacent 
points s and t is the maximum number of disjoint s-t paths. 


Proof. We follow the elegant proof of Dirac [D10]. It is clear that if k 


points separate 5 and t, then there can be no more than k disjoint paths 
joining s and t. 

It remains to sh 
are k disjoint s-t path 


way 


ow that if it takes k points to separate s and t in G, there 
sin G. This is certainly true ifk = 1. Assume it is not 
true for some k 7 1. Let h be the smallest such k, and let F be a graph with 
the minimum number of points for which the theorem fails for h. We 
remove lines from F until we obtain a graph G such that h points are required 
to separate sand t in G but for any line x of G, onlyh — 1 pointsare required to 

— x. We first investigate the properties of this graph G, 


separate s and t in G 
iid then complete the proof of the theorem. 
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ES 
By the definition of G, for any line x of G there exists a set S(x) oe ias 
points which separates s and t in G — x. Now G — S(x) er, sj 
one s-t path, since it takes h points to Separate s and t in G. bos > 150 
path must contain the line x = uv since it is not a path in G — x. 
u, v ¢ S(x) and if u 4 s, t then S(x) U {u} separates s and t in G. im 
: If there is a point w adjacent to both s and tinG, then a- w ee 
h — 1 points to separate s and t and so it has h — 1 disjoint = P 
Replacing w, we have h disjoint s-t paths in G. So we have shown: 
(I) No point is adjacent to both s and t in G. 


a : -W 
Let W be any collection of h points Separating s and t in G. Ans 
path is a path joining s with s 


int of 
ome w; € W and containing no other point © 
W. Call the collections of all s 


-W paths and Wt paths P, and P, respectively 
Then each s-t path begins with a member of P, and ends with a membe 


P,, because every such path contains a point of W. Moreover, the paths 
P, and P, have the points of W and no others in common, since it is C int 
that each w, is in at least one path in each collection and, if some other po i 
were in both an s-W and a W-t path, then there would be an s-t path ^n 
taining no point of W. Finally, either P, — W = (s) or Pia = a 
since, if not, then both P, plus the lines (wit, Wat, * + +} and P, plus the lin 
(sw, swz, - --) are graphs with fewer points than G in which s and t M 
nonadjacent and h-connected, and therefore in each there are h disjoi 1 
st paths. Combining the s y and W-t portions of these paths, we Cà 


ER t SET. re 
construct h disjoint s-t Paths in G, and thus havea contradiction. Therefo 
we have proved: 


(II) Any collection W of h 


A i —X ; to 
Points separating s and t is adjacent either 
5 Or to t, } 
VAL 
Now wecan complete the proof of the theorem. Let P = is Uy, unc 
be a shortest 5-1 Path in G and let u 


142 = X. Note that by (D, u, # t. Po 
S(x) = (v, 0, >>>, 7,-,] as above, Separating s and tin G — x. By () 
UE EG, so by (ID, with W — S(x) U {u 


1), sv; € G, for all i; Thus by n 
vit ¢ G, for all i. However, if we pick W = S(x) u {u2} instead, we have 
(II) that Su, EG, contradicting 


our choice of P as 
completing the proof of the the 


n 
a shortest s-t path, 2 
orem. 


a paper [W11] in which he included a criterion for 4 
graph to be n-connected. 


Theorem 5.10 A graph is n-connected if and only if every pair of points af? 
joined by at least n Point-disjoint Paths. 
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Fig. 5.5. A graph illustrating Menger s Theorem. 


An indication ofthe relationship between Theorems 5.9 and 5.10 is easily 
supplied by introducing the concept of local connectivity. The local con- 
nectivity of two nonadjacent points u and v of a graph is denoted by x(u, v) 
and is defined as the smallest number of points whose removal separates 
u and v. In these terms, Menger's Theorem asserts that for any two specific 
nonadjacent points u and v, k(u, v) = Holu, v), the maximum number of 
point-disjoint paths joining u and v. Obviously both theorems hold for 
complete graphs. If we are dealing with a graph G which is not complete, 
then the observation which links Theorems 5.9 and 5.10 is that «(G) E 
min x(u, v) over all pairs of nonadjacent points u and v. 

Strangely enough, the theorem analogous to Theorem 5.9 in which the 
pair of points are separated by a set of lines was not discovered until much 
later. There are several nearly simultaneous discoveries of this result which, 
appeared in papers by Ford and Fulkerson [FF1] (as a special case of their. 
“max-flow, min-cut” theorem) and Elias, Feinstein, and Shannon [EFS1], 


and also in unpublished work of A. Kotzig. 


Theorem 5.11 For any two points of a graph, the maximum number of line- 
disjoint paths joining them equals the minimum number of lines which 


separate them. 


g. 5.5, we see that s and t can be separated by 


Referring again to Fi 
but no fewer, and that the maximum number of 


the removal of five lines 
line-disjoint s-t paths is five. 

Even with only these three theorems available, we can see the beginnings 
of a scheme for classifying them. The difference between Theorems 5.9 and 
5.10 may be expressed by saying that Theorem 59 involves two specific 
points ofa graph while Theorem 5.10 gives a bound in terms oftwo general 
points. This distinction, as well as the obvious one between Theorems 5.9 
and 5.11, is indicated in Table 5.1. 

Thus we see that with no additional effort we can get another variation of 


Menger’s Theorem by stating the line form of the Whitney result. 
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Table 5.1 | 
= ber | 
Theorem Objects separated Maximum number Minimum num 
F ing u,” 
5.9 specific u, v disjoint paths points separating 


i ing 4, Y 
5.10 general u, v disjoint paths points lear) E 
sn specific u, v line-disjoint patlis lines separating 1^ 


Theorem 5.12. A graph is n-line-connected if a 
are joined by at least n line-disjoint paths. 


| 
: jnts | 
nd only if every pair of pol? 
A iation 
In Menger’s original paper there also appeared the following varia 
| 
| 
| 
| 
L| 


involving sets of points rather than individual points. 


E the 
Theorem 5.13 For any two disjoint nonempty sets of points V, and o 
maximum number of disjoint paths joining V, and V, is equalto the min 
number of points which separate V, and V,. 
Of course it must be s 
point of V, for the same r 


"AT ee E by Dira? 
IS given in the next theorem, considered by 


one : 3 jon 
of invc'ves typical methods in the demonstratio 
ese variations, we include it in full. 


Theorem 5.14 A gr 
for any two disjoi 


if 

Code : ly? 

aph with at least 2n points is n-connected if and only t 
paths joining thes 


T isjol 
nt sets V, and V, of n points each, there exist n dis) 
€ two sets of points, 


Note that in this t 


n t5 
M oin 
heorem these n disjoint paths do not have any P 
at all in common, not 


even their endpoints! 


n 
re 
nce by Theorem 5.9 there 4!” , 


a 
rictions of these paths to G 


cted, so is G^, and he; 
disjoint paths joining w, and Wa. The rest 
clearly the n disjoint V,— 2 Paths we need, 

To prove the other “half” let S be a set 
separates G into G, and Gz, with points sets É 
since |Vil 2 1, IV > 1, and [Y [| 4 ISl = |V] > 2n, there Ey 
partition of S into two disjoint subsets S; and S2 such that LAS 5 2 5» | 
and |V; U Sa] > n. Picking any n-subsets V, of y^ y S,, and V, of V2 


fi 
x ¡ch 
of at least n — 1 points de of 
V; and V, respectively. à 
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V Va 


Fig. 5.6. Construction of G 


we have two disjoint sets of n points each. Every path joining V, and V, 
must contain a point of S, and since we know there are n disjoint V,-V, 
paths, we see that |S| > n, and G is n-connected. 

We have defined connectivity pairs fora graph. Similarly, one can define 
connectivity pairs for two specific points u and v. It is then natural to ask for 
a mixed form of Mengers Theorem involving connectivity pairs. The 
following theorem of Beineke and Harary [BH6] is one such result; a proof 
can be readily supplied by imitating that of Theorem 5.9. 


Theorem 5.15 The ordered pair (a, b) is a connectivity pair for points u and v 
in a graph G if and only if there exist a point-disjoint u-v paths and also b 
line-disjoint u-v paths which are line-disjoint from the preceding a paths 
and further these are the maximum possible numbers of such paths. i 

In general, all of the theorems we have mentioned have corresponding 
digraph forms, and in fact Dirac points out that his proof of Menger's 
Theorem works equally well for directed graphs. At this point, then, we 
could add eleven more theorems to Table 5.1, namely Theorems 5.12 through 
5.15, and the directed forms of Theorems 5.9 through 5.15. This would be a 
somewhat futile effort, however, since it should be clear that the table would 
still be far from complete. To count the total number of variations which 
have been suggested up to this point, we note that we may consider either a 


graph G or à digraph D, in which we may separate 


i) specific points u, V, 
ii) general points u, V, 
iji) two sets of points V,, V; (as in Theorem 5.13). 


This separation may be accomplished by removing 
i) points, 


ii) lines, or 
iii) points and lines (as in Theorem 5.15). 


| 
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: d 

By taking all possible combinations of these alternatives, we M. | 
construct 2: 3: 3 — 18 theorems. The fact that all of these theorems A | 
true may be verified by the reader, although it would be a tedious exerc | 


; : s 
Finally, Fulkerson [F13] proved the following theorem, which deals | 
with disjoint cutsets instead of disjoint paths. | 


: , "———Á 
Theorem 5.16 In any graph, the maximum number of line-disjoint cutse> - 


à ; 3 "HE ol 
of lines separating two points u and v is equal to the minimum number | 
lines in a path joining u and v; that is, to d(u, v). 


: : € 
Although this theorem is of Mengerian type, it is much easier to prod I 
than Metigers Theorem. By taking all the possible variations of this theoreP^ 


E : : à ber 
as we have with the theorems.involving paths, we could increase the num 
of Mengerian theorems again. 


FURTHER VARIATIONS OF MENGER’S THEOREM 


In this section we include several additional variations of Menger’s Theor 
all discovered independently and only later seen to be related to each ot 
and to a graph theoretic formulation. ith 
A network N may be’regarded as a graph or directed graph together KE, 
a function which assigns a positive real number to each line. For pre“! 


nt . 0 
definitions of “maximum flow” and “minimum cut capacity,” see the bo 
[FF2] by Ford and Fuiker. 


son. 


th? 


f in Fig 5. 
y obvious to verify that in } ed M 
itvi Work from u to v is 7, and that the mini 
cut capacity is also 7. 


em in which the setting is à dite og 
ific points u and v. The transform 


- at least k elements, 
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in N "i in D 5: 
3 "ZA 
u u 


Fig. 5.8. The transformation from network to multigraph. 


which makes this equivalence apparent is displayed in Fig. 5.8 in which 
the directed line from u to v, in Fig. 5.7 which has capacity 3 is transformed 
into three directed lines without any capacity indicated. 

Let us define a line of a matrix as either a row or a column. In a binar 
matrix M, a collection of lines is said to cover all the unit entries of Wi 
if every 1 is in one of these lines. Two 1's of M are called independent if they 
are neither in the same row nor in the same column. Kénig [K9] obtained 


the next variation of Menger’s Theorem in these terms; compare Theorem 


10.2. 


Theorem 5.18 In any 
unit elements equals t 


binary matrix, the maximum number of independent 
he minimum number of lines which cover all the units 


001000 00: DE 898 
1° 1.207 13071 nahen 
m=|001001 M=|000001 
Oud A 010000 
001001 016 39-0910 


We illustrate Theorem 5.18 with the binary matrix M above. All th 
unit entries of M are covered by rows 2 and 4 and columns 3 and 6, = ^i e 
is no collection of three lines of M which covers all its 1’s. In the matrix M 
there are shown four independent unit entries of M and there is no set of five 
independent 1's in M. 

When this matrix M is regarded as an incidence matrix of sets versus 
elements, Theorem 5.18 becomes very closely related to the celebrated 
theorem of P. Hall [H8]. which provides a criterion for a collection of finite 
seis Spi ue er ioe E system of distinct representatives. This 
means a set (es, £2 ^ "> em} of distinct elements such that e, is in S,, for each i. 
We present here the proof of Hall's Theorem which is due to Rado [R1] R 


e exists a system of distinct representatives for a family 
Sm if and only if the union of any k of these sets contains 


for all k from 1 to m. 


Theorem 5.19 Ther 
of sets $1,592, 


Proof. The necessity is immediate. For the sufficiency we first prove that if 
the collection {S;} satisfies the stated conditions and |S,, | > 2, then there is an 
element e in Sm such that the collection of sets Si, S2,°**s Sm-1 Sm = (6) 
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also satisfies the conditions, Su 
elements e and f in S,, and subs 


(u s) v (S, — (e) 


ieJ 


ppose this is not the case. Then there nid 
ets J and K of (1,2, ---, m — 1} sucht 


«|J|-- 1 and (us)v s. - (a) < IK| +1 
ieK 


But then 


M +K = (Us) ors, - fey) + (ys) vs- in] 
J K 


=(us)us, US, 
JuK JaK 

>2W UK +1 * J ^ K|» [J| + IKI, 
which is a contradiction. 

The sufficiency now follows b: 
numbers |S,|. If each f 
duction step is made if necessary) of the abov 
result to the sets of largest order, 


+ 


S, ES Sy S, S, 


a 


ds [^ a 


or iate li ers 

Theorem to this graph. us "PPropriate line form poris 

Although the following theoz 

terms of lattice theory,* it has 

[MP1]) that the result is 

lattice (see Birkhoff [B13 
eus see 


em due to Dilworth [D4] is expressed e 
been establisheq (see Mirsky and Perfec 
equivalent to Hall’s Theorem. Two elements of 4 
']) are incomparable if Neither dominates the othe! 


* More generally the result holds for Partially ordered sets, 


| 


| 
| 
| 
| 
| 
| 
| 
| 
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By a chain in a lattice is meant a downward path from an upper element to a 
lower element in the “Hasse diagram" of the lattice. 


Theorem 5.20 In any finite lattice, the maximum number of incomparable 
elements equals the minimum number of chains which include all the 
elements. 

For example, in the lattice of the 3-cube, there are at most three incom- 
parable elements; it is easy to cover all the elements with three chains but 


impossible to do so with only two chains. 
We have seen in this section several theorems of Mengerian type 


occurring in settings which are not graph theoretic. A more extensive 
treatment of such results appears in the review article [H33]. For an elegant 
summary of the vast literature on theorems involving systems of distinct 
representatives, see Mirsky and Perfect [MP1]. 


EXERCISES 


5.1 The connectivity of 
a) the octahedron K; + C, is 4. 
b) the square of a polygon C, nz 5, is 4. 
52 Every n-connected graph has at least pn/2 lines. 
53 Construct a graph with x = 3,4 = 4,6 = 5. 
54 Theorem 5.3 does not hold if.A{G) is replaced by x(G). 
5,5 There exists no 3-connected graph with seven lines. 
5.6 The connectivity and line-connectivity are equal in every cubic (ssi 
57 Determine which connectivity pairs can occur in 4-regular graphs. 
58 If Gis regular of degree r and k = 1, then 4 < [r/2]. 
5.9 Construct a family of (p, q) graphs with 2g /p integral such that x = 2q/p. 
5.10 Let G bea complete n-partite graph other than C¿. Then every minimum line 
cutset is the coboundary of some point. (M. D. Plummer) 
5.1 Find the connectivity function for s and t in the graph of Fig, 5.5. 
5.12 Find a graph with points s and t for which the connectivity function is (0, 5), (1, 3), 
(2, 2), G, 0). 
5.13 Use Tutte's Theorem 5.7 to show that the graph of the cube Q, is 3-connected. 
5,14 Every block of a connected graph G is a wheel if and only if q = 2p — 2 and 
x(u, v) = 1 or 3 for any two nonadjacent points u, v. 1 (Bollobás [B14]) 


5,15 Every cubic triply-connected graph can be obtained from K, by the following 
construction. Replace two distinct lines u,v, and uv; (u, = u, is permitted) by the 
subgraph with two new points Wi, W2 and the new lines u,w,, W,0,, u,W2, W202, and 


W1W2- 
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TOES £ ected 
5.16 Given two disjoint paths P, and P, Joining two points u and v of a 3-conn 


des «oh ic disioint from 
graph G, is it always possible to find a third path joining u and v which is disjoint f 
both P, and P,? 


B isioint 
5.17 State the result analogous to Theorem 5.9 for the maximum number of disj 
paths joining two adjacent points of a graph. E. 
*5.18 If f,(p) is the smallest number such that for 4 > fp) every (p, q) graph has 
points joined by r disjoint paths, then 


FAP) =D Sp) = [Bp — 12], and Sap) = 2p — 1. 


(Bollobás [B14)) 


: ) 
5.19 IfG has diameter d and x > 1, then D > k(d — 1) + 2. (Watkins [w5] 


5.21 If G is connected, then 


k(G) = 1 + min k(G — v) 
ver 
5.22 In any graph, the maximum num 


A 3 ing tw? 
ber of disjoint cutsets of points separating 
points u and v equals d(u, v) -= 1, 


523 In a k-minimal graph G, k(G — x) < k(G) for every line x. 
a) Gis x-minimal ifand only if x(u, v) 
b) If G is x-minimal then 5 = K. 


(Halin 
I 
524 Prove the equivalence of Theorems 5.18 and 5.19. (See for example M. He 
[H7, p. 497). 
525 If Gis n 


connected, n > 2, and 6(G) > 


* " jn 
Gn — 1)/2, then there exists a point v Ì 
— vis n-connected. 


6 
1) 
such that G (Chartrand, Kaugars, and Lick [CKL J 


Ey 
= k(G) for every pair of adjacent points ^^ . 


| 


CHAPTER 6 


PARTITIONS 


Gallia est omnis divisa in trés partes. 
JuLtus CAESAR, de Bello Gallico 


The degrees dj, 5^, d, of the points of a graph form a sequence of non- 
negative integers, whose sum is of course 2q. In number theory it is customary 
to define a partition of a positive integer n as a list or unordered sequence 


of positive integers whose sum isn. Under this definition, 4 has five partitions: 


4 341, 252; 26 1+ 151r 131-4. 


The order of the summands in a partition is not important. The degrees 
of a graph with no isolated points determine such a partition of 2q, but 
because of the importance of having a general definition holding for all 


graphs, it is convenient to use an extended definition, changing positive 


to nonnegative. 


24141 1+1+1+L 


Fig. 6.1. The graphical partitions of 4. 


A partition of a nonnegative integer n is a finite list of nonnegative 
integers with sum 7. In this sense, the partitions of 4 also allow an arbitrary 
finite number of zero summands. The partition of a graph is the partition of 
2q as the sum of the degrees ofthe points, 2q = È d;, asin Theorem 2.1. Only 
two of the five partitions of 4 into positive summands belong to a graph, see 


Fig. 6.1. 
A partition 
points have degrees d;. 


E d; of n into p parts is graphical if there is a graph G whose 
If such a partition is graphical, then certainly every 


57 
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d; € p — 1, and n is even. These 
partition to be graphical, as shown 
Two related questions arise. F irst, 
is graphical? Second, how 


5T. H ra 
two conditions are not sufficient fo 


. ell. 
ure, and so answers the second question as W 
We first give this result. 


Theorem 6.1 A partition II = (i darid ol an even number p. 
parts with p = 1d, 2 2 d, is graphical if and only i 
modified partition 


Tl’ = (d, — l,d; — I ed - Llar", dj) 
is graphical. 


Proof. lf II' is graphical, th 
‘one can construct a graph 
to points of degrees 4 

Now let G bea 


en so is TI, since from a graph with partition $ 
with partition TI by adding a new point adjace 
AK s eq p "m. 
graph with partition IT. Ifa point of degree d, is adject 
s d; for i = 2 to dı + 1, then the removal of this poi 


degree d, with v, bei 


hen there are points v; and v; M. 
i IS not. Therefore some point M 
S div; and v,v, and additi íi 
ition TI in which the Sut 
1 İS greater than before. Repeatin 
1 has the desired property. | pa 
: r thm for constructing a graph wit 
» 1 one exists, If none exi 


T ie 
Sts, the algorithm cannot be app! 
at some step, 


Corollary 6.1 (Algorithm) A given partition T] — (d, d, +++, d,) with 
id de sess y i 
is graphical if and only if the follow: 


every summand zero, 


: P sion with 
Ing procedure results in a partition 


1. Determine the modified Partition I] 
2. Reorder the terms of I] 50 that th 


; 6.1. 
as In the statement of Theorem 
resulting partition II. 


: the 
ey are nonincreasing, and call 


D 
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Us 


02 U; 
Fig. 6.2. An example of the algorithm for graphical partitions. 


3. Determine the modified partition II" of II, as in step 1, and the re- 
ordered partition Il. 
4. Continue the process as long as nonnegative summands can be obtained 


If a partition obtained at an intermediate stage is known to be graphical 
stop, since T itselfis then established as graphical. To illustrate this algorithm, 


we test the partition 
II = (5, 5; 3, 3, 2, 2, 2) 
TT =( 4,2, 2,1, 1, 2) 
n, =( 4,2, 2)2, 1, 1) 
I" = ( 1, 1, 1, 0, 1). 


Clearly IT” is graphical, so II is also graphical. The graph so constructed is 
shown in Fig. 6.2. 

The theorem of Erdós and Gallai [EG1] is existential in nature, but its 
proof uses the same construction. ? 


Theorem 6.2 Let II = (d;, d2, ``, dj) be a partition of 2g i 
t s : q into p > 1 parts, 
d > d: ae d,. Then II is graphical if and only if for each integer r, 


ı<r<p-| 


r LA 

Ydisrir-l)- Y min fr, dj). (6.1) 

i=1 i=r+1 
Proof. The necessity of these conditions (6.1) is straightforward. Given 
that II is a partition of 2q belonging to a graph G, the sum of the r largest 
degrees can be considered in two parts, the first being the contribution to this 
sum of lines joining the corresponding r points with each other, and the 
second obtained from lines joining one of these r points with one of the 


remainingp — rpoints. Thesetwo parts are respectively at most r(r -- 1)and 


Xp,í,min fr, dj}. 
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E 
The proof of the sufficiency is by induction on p. Clearly the result Pr 
for sequences of two parts. Assume that it holds for sequences O 


or he 
parts, and let d,, d,,---,d,,, bea sequence satisfying the hypotheses of t 
theorem. 


Let m and n be the smallest and largest integers such that 
dnyı= = dar ig = d, 


Form a new sequence of p terms by letting 


duci. fori =Dtom-— landin- i= (d, = miton = Y 
e = A 
tui 1 otherwise. 


If the hypotheses of the theorem hold for the new sequence ey, *** de 
then by the induction hypothesis, there will be a graph with the Suus by 
as degrees. A graph having the given degree sequence d; will be formed 


à 4 à ng 
adding a new point of degree d 1 adjacent to points of degrees correspondi as 
to those terms e; which were obtained by subtracting 1 from terms d;«1 
above. 


t 
Clearly p>e,>e,>-!-> ey. Suppose that condition (6.1) does NO 
hold and let h be the least value of r for which it does not. Then 


h 
Le>Mh—1)+ Y min(he). (62) 
i=1 i=h+1 

But the following inequalities do hold: 

htl , p*i 6.3) 

Ld S hh ++ Y min (h+ 1,4), Ü 

= i=h+2 

h-1 

Desh h-a) + È min {h — 1, e), es 

h-2 


p < (h — 2h — 3) vM 


h- 


5) 
min {h — 2, ej). é 
1 
zm 
Let s denote the number of values of ¡ < h for which e; = d¡+1 
Then (6.3)-(6.5) when combined with (6.2) yield 
s (69 
di +5s<2h+ Y (min {h + 1, d,,,) — min {h, ej). 
i=h+1 
2h = 1) — mi Y (mi i La 
> 20 N) min {hte} + Y (min (h, e — min {h — 1,4 
i=h+1 (67) 
6-1 + e, > 4h — 6 — min {h — 2, 2-1) — min {h — 2, es) 


p 8) 
+ Y (min {h, e) — min {h — 2, e; 6 i 
i=h 


+i 
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Let a, b, and c denote the number of values ofi > hfor which e; > h, e; = h 
and e; « h. respectively. Furthermore, let a’, b', and c' denote the numbers 


of these for which e; = d;+1 — 1. Then 


Note that e, > h since otherwise inequality (6.7) gives a contradiction. 


d=s+a +b +c. (6.9) 

The inequalities (6.6)-(6.8) now become 
dj+s<2h+at+b tc, (6.10) 
ez h+a +b, (6.11) 


Pp 
&e-i;*e&z2h-lct Y (min fh, ej) — min {h — 2, e;}). (6.12) 


i=h+1 
There are now several cases to consider. 
CASE 1. c' = 0. Since d, > ey, we have from (6.11), 
h+a+b<d;. 


But a combination of (6.9) and (6.10) gives 
2d, < 2h + a +a + 2b', 


which is a contradiction. 


CASE2. C > 0 and dys >h. This means that d,,, = e; + 1 whenever 
dis, > h. Therefore since dy+ , > h, s = hand a =a’. But the inequalities 
(6.10) and (6.9) imply that 

dı +h<2h+ta+b+c=d,+h, 


a contradiction. 


CASE3. c > land dy) = h. Under these circumstances, e, = hand a = 
b = 0, so d, =s + c. Furthermore, since e, = dy, y e, = h — 1 for at 
least c' values of i > h. Hence inequality (6.12) implies 
ei=h=1+c>h 
so that @j-1 = du — 1. Therefore s = h — 1, and 
dj =h-1+c <¢@_; < da 


a contradiction. 

CASE4. c = 1 and dj, = h. Again, e, = h, a = b = 0, and d = s + c. 
Since s < h — 1, di = h. But this implies s = 0 and d, = 1, so all d; = 1. 
Thus (6.1) is obviously satisfied, which is a contradiction. 

h and d,44 > €m we see that d,,, cannot be less than h. 


Since e, 2 
have been considered and the proof is complete. 


Thus all possible cases 
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Ty: 


Fig. 6.3. Two trees with the same partition. 


ently many times, 


Theorem 6.3 A partition 24 = X? d, 


3 is 
belongs to a tree if and only if each di 
Positive and q = p — 1. 


shown in Fig. 6.3. Bu 
the same partition and is not a tree, 


Fig. 6.4. 
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6.7 A graphical partition is simple if there is exactly one graph with this partition. 
Every graphical partition with four parts is simple, and the smallest number of parts 
in a graphical partition which is not simple is five. 

6.8 A partition (d,, dz, ` * ` , d,) belongs to a pseudograph (note that a loop contributes 


2 to the degree of its point) if and only if X d, is even. (Hakimi [H4]) 
6.9 If a partition of an even integer 2q has the form II = (dy, d, >>>, dp) with 

d, > d, > *** > d, then II belongs to some multigraph if and only if q > d,. 
(Hakimi [H4]) 


*6.10 A partition I1 which belongs to some multigraph (see preceding exercise) belongs 
to exactly one if and only if at least one of the following conditions holds: 


1. p<3 

2. d= dyt: =+ d; 

3. dı +2 =d, + + dpand d; = dy = = d, 

4 p = 4and d, > d, = 1 

=. =d; = l. (Senior [S11]; Hakimi [H4]) 
6.11 Prove or disprove: A tree partition belongs to more than one tree if and only if 


at least one part is greater than 2, three parts are greater than 1, and if only three, then 


they are not equal. 
612 Let II = (di, do, ***,d,) with di 2 d,>--->d, and p > 3 bea graphical 


partition. Then 
TI belongs to some connected graph if and only if d, > 0 and X d; > Xp — 1). 


6.13 A graphical partition I as in the preceding exercise belongs to some n-line- 
connected graph with n 2 2 if and only if every d, > n, (Edmonds [E1]) 


6.14 For any nontrivial graph G and for any partition p = Pı + Pz, there exists a 
partition V = V, U Vz such that |V| = p, and A((V,)) + AV) < A(G). 


(Lovász [L4]) 


CHAPTER 7 


TRAVERSABILITY 


E 
A lie will get you a long Y 1 
me 

but it won't take you ho d 
ANONYMO! 


One feature of graph theory that has hel 
its applications to the are: 


converted into a graphical problem: 
existence of an “euler: 


T an elegant, useful characterization j 
only a disguised paraphrase of the defin 


has an eulerian trail, a closed trail 


i c 
4 F lines. C 
an eulerian graph must be connected, £ all points and lin 


(1) G is eulerian. 


(2) Every point of G has even degree, 


(3) The set of lines of G can be partitioned into cycles, 


* The theorem clearly holds for multigraphs as well. 
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Proof. (1) implies (2) Let T be an eulerian trail in G. Each occurrence of a 
given point in T contributes 2 to the degree of that point, and since each line 
of G appears exactly once in T, every point must have even degree. 


(2) implies (3) Since G is connected and nontrivial, every point has degree at 
least 2, so G contains a cycle Z. The removal of the lines of Z results in a span- 
ning subgraph G, in which every point still has even degree. If G, has no 
lines, then (3) already holds; otherwise, a repetition of the argument applied 
to G, results in a graph G; in which again all points are even, etc. When a 
totally disconnected graph G, is obtained, we have a partition of the lines of 
G into n cycles. 

(3) implies(/) Let Z, be one of the cycles of this partition. If G consists only 
of this cycle, then G is obviously eulerian. Otherwise, there is another cycle 
Z, with a point v in common with Z,. The walk beginning at v and con- 
sisting of the cycles Z, and Z, in succession is a closed trail containing the 
lines of these two cycles. By continuing this process, we can construct a 
closed trail containing all lines of G; hence G is eulerian. 


Fig. 7.1. An eulerian graph. 


For example, the connected graph of Fig. 7.1 in which every point has 
even degree has an eulerian trail, and the set of lines can be partitioned into’ 
cycles. j 
By Theorem 7.1 it follows that if a connected graph G has no points of 
odd degree, then G has a closed trail containing all the points and lines of G. 
There is an analogous result for connected graphs with some odd points. 


Corollary 7.1(a) Let G be a connected graph with exactly 2n odd points, 
n> 1. Then the set of lines of G can be partitioned into n open trails. 


Corollary 7.1(b) Let G beaconnected graph with exactly two odd points, Then 
G has an open trail containing all the points and lines of G (which begins at 


one of the odd points and ends at the other). 


HAMILTONIAN GRAPHS 

Sir William Hamilton suggested the class of graphs which bears his name 
when he asked for the construction of a cycle containing every vertex of a 
dodecahedron. If a graph G has a spanning cycle Z, then G is called a 
hamiltonian graph and Z a hamiltonian cycle. No elegant characterization 
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Fig. 7.2. A nonhamiltonian block. 


of hamiltonian gra; 
ditions are known. 

A theta graph is a block with two nona 
other points of degree 2. Thus a theta 
3 and*three disjoint paths joining the 


Theorem 7.2 Every hamiltonian 
2-connected graph has a theta s 


phs exists, although several necessary or sufficient con- 


djacent points of degree 3 and 2 
graph consists oftwo points of degre 
m, each of length at least 2. 


graph is 2-connected. 


Every nonhamiltonian 
ubgraph. 


graph to be hamiltonian. It 
Which appear as its corolla 
Theorem 7.3 Let G 


the number of point 
the number of point 


ries, 


have p > 3 points. 


If for every n, 1 sn<(p- 1/2 
S of degree not excee 


ding n is less than n and if, for odd P: 


S of degree at most (p — 1)/2 does not exceed (p — 1/2 
then G is hamiltonian, 
Proof. Assume the theorem does not hold and let G be a maximal non- 
hamiltonian i 


» = P/2, but v, and vp are nO 
`` * Vp connecting v, and "p 
ip ***,0;, Where n = deg v, and fe 
Up Cannot be adjacent to any point of G of t 
T€ Would be a hamiltonian cycle 

V 03-- 


to v, be 
i<i << Be Clearly 
form Vj, 1 for otherwise the 


Da Op pg = Dy Dy 
in G. Now since n > (p — 1)/2, we have p/2 < deg v, < p — 1 — n < pf? 
which is impossible, so vı and v, must be adjacent. 
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Gy: Ui 


Ds, 
Us 


v. v: 
Ga: : 


Fig. 7.3. Illustrations for the theorem of Pósa. 


It follows that if deg v > p/2 for all points v, then G is hamiltonian. 
(This is stated below as Corollary 7.3(b).) For the above argument implies 
that every pair of points of G are adjacent, so G is complete. But this is a 
contradiction since K, is hamiltonian for all p > 3. 

Therefore there isa point vin G with deg v < p/2. Letmbe the maximum 
degree among all such points and choose v; so that deg v, = m. By hypoth- 
esis the number of points of degree not exceeding m is at most m « p/2. 
Thus there must be more than m points having degree greater than m and 
hence at least p/2. Therefore there is some point, say v,, of degree at least p/2 
not adjacent to 0. Since v, and v, are not adjacent, there is a spanning path 
vp. As above, we write Vi» ***> Vin as the points of G adjacent to 
v, and note that v, cannot be adjacent to any of the m points v,_, for 
1 < j< m. But since v, and v, are not adjacent and v, has degree at least 
p/2, m must be less than (p - D/A by the first part of the proof. Thus, by 
hypothesis, the number of points of degree at most m is less than m, and so 
at least one of the m points v;-,, say v, must have degree at least p/2. 
We have thus exhibited two nonadjacent points v, and.v', each having 
degree at least p/2, a contradiction which completes the proof. 


These sufficient conditi 


vy 2°" * 


ons are not necessary. The cubic graph G, in 
Fig. 7.3 is hamiltonian, yet it clearly does not satisfy the conditions of the 
theorem. However, the theorem is best possible in that no weaker form of it 
will suffice. For example, choose p = 3and 1 « n « (p — 1)/2, and form 
a graph G2 with one cutpoint and two blocks, one of which is K,,, and the 
other K,-.. This graph is not hamiltonian, but it violates the theorem only 
in that i has exactly n points of degree n. The construction is illustrated in 
Fig. 7.3 for p = 8andn = 3. If we choose p = 2n + 1,n > 1, and form the 
graph G = Kan+ then G is not hamiltonian but violates the theorem.only 
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—— 


Fig. 7.4. The Tutte graph. 


by having (p — 1)/2 + 1 points of deg: 


ree (p — 1)/2. The graph G4 = Ka 
of Fig. 7.3 illustr. 


ates this construction for ps5. 
specializing Pósa's Theorem, 
sufficient conditions due to Ore [03] 


Corollary 7,3(a) If p 
deg u + deg v > D, 


Gis 
Corollary 7.3(b) If for all points v of G, deg v > p/2, where p > 3, then 
hamiltonian. 


ul 
we obtain simpler but less power! 
and Dirac [D6] respectively. 


f a ints, 
= 3 and for every pair u and v of nonadjacent po! 
then G is hamiltonian. 


ing 
Actually, the cubic hamiltonian graph G 1 Of Fig. 7.3 has four spann! 


: Jes: 
cycles. The smallest cubic hamiltonian graph, K ,, has three spanning cy¢ 


s ¡ch 
These observations Serve to illustrate a theorem of C. A, B. Smith whi 
appears in a paper by Tutte [T6]. 


in£ 
"Theorem 7.4 Every cubic hamiltonian Braph has at least three spann! 
cycles. 


Tait [T1] 


* 
conjectured that every cubic 3-connected planar graph 
contains a spanning cycle Tutte [T6] settled this in the negative by epum, 
that the 3-connected Planar graph with 46 Points of Fig. 7.4is not hamilton! 1 

The smallest known nonhamiltonian triply connected cubic planar gr | 
having 38 points, was constructed independently by J. Lederberg, J. Bos \ 
and D. Barnette; see Grünbaum [G10, p. 359]. PDT 

The apparent lack of any relationship between eulerian and hamilton 
graphs is illustrated in Fig. 7.5 where each graph is a block with eight po! 


i A E ied 
* See Chapter 11 for a discussion of Planarity. Tait's Conjecture, if true, would have se 
the Four Color Conjecture. 
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Hamiltonian Nonhamiltonian 


EZ 


Fig. 7.5. Eulerian and/or hamiltonian graphs. 


However, in the next chapter we shall relate euleri 
1 erian iltoni 
graphs by way of the “line graph." nd, Merian 
Incidentally, M. D. Plummer conjectures that 
] th 
2-connected graph is hamiltonian. SEQUI oh Cen 


EXERCISES 


7.1 Find an eulerian tr 
into cycles. 


7.2. Ifevery block ofaconn 
7.3 In Corollary 7.1(a), the partition cannot be done with fewer than n trails. Stat 
. e 


and prove the converse of Corollary 7.1(b). 

74 A graph is arbitrarily traversable from a point v if the following procedure al 
results in an eulerian trail; Start at point vo by traversing any incident line; re always 
at a point u depart by traversing any incident line not yet used, and NE ERR 
new lines remain. c until no 

a) An euleri 
contains Vo- 
b) If G is arbitrarily tr 


ail in the graph G of Fig. 7.1 and a partition of the lines of G 


ected graph G is eulerian, then G is eulerian, and conversely. 


an graph is arbitrarily traversable from vg if and only if every cycle 
(Ore [02]) 

aversable from vo, then vp has maximum degree 
(Babler [B1]) 


then either v, is the only cutpoint or 
(Harary [H17]) 


h G contains an induced theta subgraph, then G is 


c) If G is arbitrarily traversable from vo, 
G has no cutpoints. 

7.5 Prove or disprove: If a grap! 

not hamiltonian. 


7.6 a) For any no 


very pair of points of G? are joined by 


ntrivial connected graph G, © 
is in a hamiltonian cycle, when p > 3. 


th. Hence every line of G? 


a spanning pa 
(Karaganis [K2]) 
b) If every pair of points of G are joined by a spanning path and p > 4, then G 
is 3-connected. 
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A e 
7.7 Give an example of a nonhamiltonian graph with 10 points such that for every 
pair of nonadjacent points u and v, deg u + deg v > 9. 


A 
7.8 How many spanning cycles are there in the complete bigraphs Ky, y and Ks,3* 


eee ing 
7.9 A graph G is called randomly traceable [randomly hamiltonian] if a aw E 
i s results upon starting at any point of G and A 

adjacent point not Yet chosen until no new points 


a) A graph G with p> 
hamiltonian. 


graphs C,, K,, or Kan With p = 2n, 
7.10 Theorem 7.3 can 
2-connected. This can 


Cu ¡ent 
Let G be nontrivial and let 1 < 1 < p. The following conditions are sufficien 
for G to be n-connected : 


1. For every k such that n—1< < (P + n — 3)/2, the number of points of 
degree not exceeding k does not exceed k + 1 — n d 
2. The number of points of degree not exceeding (p + n — 3)/2 does not eI 
pn (Chartrand, Kapoor, and Kronk [CKK! 
can also be generalized in another way. 
P=3andlt0<k<p-2 


a) The number of labeled graphs with p points is 5»(p- 1/2 
b) The number of labeled e- 


graphs with p — 


(Ore [04 
7.14 Iffor anytwo nonadjacent E 
r points u and y of G, de - + 1, then 

15 a spanning path Joining every pair of distinct uns req (Ore [06) 
715 IfG isa graph with p > 3 Points su 


7.16 Consider the n 


: ) 
N (Chartrand, Kapoor, Kronk [CKK] 
onhamiltonian Braphs G 
hamiltonian. There j 


is 
Such that every subgraph G — " 
S exactly one such Braph with 10 Points and none smaller. 


M 


CHAPTER 8 


LINE GRAPHS 


A straight line is the shortest distance between two points 
EucLip 


The concept of the line graph of a given graph is so natural that it has been 
independently discovered by many authors. Ofcourse, each gaveit a different 
name* : Ore [O5] calls it the “interchange graph,” Sabidussi [S7] “derivative” 
and Beineke [B8] “derived graph,” Seshu and Reed [SR1} Omer 
dual" Kasteleyn [K4] “covering graph," and Menon [M10] "adjoint." 
Various characterizations of line graphs are developed. We also introduce 
the total graph, first studied by Behzad [B4]. which has surprisingly been 
discovered only once thus far, and hence has no other names. Relationships 
between line graphs and total graphs are studied, with particular ER 


on eulerian and hamiltonian graphs. 


SOME PROPERTIES OF LINE GRAPHS 
Consider the set X of lines of a graph G with at least one line as a famil 
of 2-point subsets of V(G). The line graph of G, denoted L(G), is the ieee 
tion graph Q(X). Thus the points of L(G) are the lines of G, with two points of 
L(G) adjacent whenever the corresponding lines of G are. If x = uvis a line 
of G, then the degree of x in L(G) is clearly deg u + deg v — 2. Two exam- 
ples of graphs and their line graphs are given in Fig. 8.1. Note that in this 
figure G, = L(G), so that L(G;) = L(L(G,)). We write L(G) = L(G) 
L(G) = L(L(G), and in general the iterated line graph is L(G) = LE- 1G). 
As an immediate consequence of the definition of L(G), we note that 
every cutpoint of L(G)isa bridge of G which is not an endline, and conversely. 
When defining any class of graphs, it is desirable to know the number of 
points and lines in each; this is easy to determine for line graphs. 


ae See 
* Hoffman [H46] uses “line graph” even though he chooses “edge.” Whitney [WII] was the 


first to discover these graphs but didn't give them a name. 
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x n | 
x Xs LG) x Xs | 
Gi: || 
| 
x 
x 


Ga: L(G;): 


Fig. 8.1. Graphs and their line graphs. 


hen L(6) 
Theorem 8.1 If G is a (p, 4) graph whose points have degrees d;, the 
has q points and 41 lines, where 


4d,— 4t iyd. 


r nes 
of line graph, L(G) has q points. The d; li 
ntribute (4) to q, SO 


Proof. By the definition 
incident with a Point v, co: 


d; | 

a ARNO | 
"i 

The next result can be Proved in many different ways, depending | 

one’s whimsy, . 


3 aly 
Theorem 8.2 A connected graph is isomorphic to its line graph if and 9 
if it is a cycle, 


if 
Thus for a (not necessarily connected) graph, G = L(G) if and on b 
G is regular of degree 2. 

If G, and G, are iso 
Whitney [W11] found that the conver 
the only two different graphs with the 
is due to Jung [33]. 


Theorem 8.3. Let G and 
Then G and G' are iso 


Proof. First note tha. 
the only two differen 


! re 
morphic, then Obviously L(G,) and L(G2) ê 


h ing -— 
Se almost always holds by D e 
Same line graph. The proof give 


G' be connected 


3 hs: 
graphs with isomorphic line gr2P 
morphic unless o 


he is K, and the other is K,,3- 
t among the connected 
t ones with isomorphic 


int* 
graphs with up to four ae | 
line graphs are K; an 
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Note further that if $ is an isomorphism of G onto G', then there is a derived 
isomorphism $, of L(G) onto L(G’). The theorem will be demonstrated 
when the following stronger result is proved. 

If G and G' have more than four points, then any isomorphism ġ, of 
L(G) onto L(G’) is derived from exactly one isomorphism of G to G’. 

We first show that $, is derived from at most one isomorphism. Assume 
there are two such, $ and y. We will prove that for any point v of G, $v) = 
y(v). There must exist two lines x = uv and y = uw or vw. If y = vw, then 
the points $(v) and y(v) are on both lines ¢,(x) and ¢,(y), so that since only 
one point is on both these lines, &(v) = V(v). By the same argument, when 
y = uw, d(u) = y(u) so that since the line $,(x) contains the two points 
&(v) and p(u) = Ylu), we again have $(v) = Vv). Therefore &, is derived 
from at most one isomorphism of G to G'. 

We now show the existence of an isomorphism ¢ from which q, is 
derived. The first step is to show that the lines x, = uv, X, = uv, and 
x, = uv, of a K,,, subgraph of G must go to the lines of a K,,, subgraph of 

"under $,. Let y be another line adjacent with at least one of the x;, which is 
adjacent with only one or all three. Such a line y must exist for any graph 
with p > 5 and the theorem is trivial for p < 5. If the three lines $,(x;) 
form a triangle instead of K;,3 then &,(y) must be adjacent with precisely 


two of the three. Therefore, every K,,3 must go toa K; 3. 
Let S(v) denote the set of lines at v. We now show that to each v in G, 


there is exactly one v' in G' such that S(v) goes to S(v') under $,. If deg v > 2, 
let y, and y; be lines at v and let v’ be the common point of $ ,(y,) and $,(y;). 
Then for each line x at v, v' is incident with $,(x) and for each line x’ at v’, 
v is incident with $; x). If deg v — 1, let x — uv be the line at v, Then 
deg u > 2and hence S(u) goes to S(u') and $,(x) = u'v'. Since for every line 
x’ at v’, the lines d; (x') and x must have a common point, u is on $3 +(x’) 
and u’ is on x’. That is, x' = dı(x) and deg v' = 1. The mapping ¢ is 
therefore one-to-one from V to V' since S(u) = S(v) only when u = v. Now 
gi 4v in V there is an incident line x’. Denote g(x’) by uv. Then 
either (u) = v or (v) = v' so d is onto. ^ 

Finally, we note that for each line x = wv in G, $,(x) = $(u)P(v) and for 
each line x’ = w'' in G, $i) = $^ (u)$- (v), so that $ is an iso- 
morphism from which &, is derived. This completes the proof. 


ACT ERIZATIONS OF LINE GRAPHS 

A graph G is a line graph if it is isomorphic to the line graph L(H) of some 
graph H. For example, K, —xisa line graph; see Fig. 8.1. On the other 
hand, we now verify that the star K,,3 is not a line graph. Assume K; 3 = 
L(H) Then H has four lines since Kis has four points, and H must be 
connected. All the connected graphs with four lines are shown in Fig. 8.2. 


CHAR 
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2 
als deu. 


Fig.8.2. The connected graphs with four lines. 


Since L(C,) = C, by Theorem 8.3 and L(K 
it follows that H is one of the three trees. 

are the path ?,, the graph K,-K 
graph. We will see that the star K 
line graphs. The first charact 
the next theorem and due to K 
tion. The situati 
able to describe ¡ 
Finally, Beineke 
those subgraphs 
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2 and K,, showing that K,,; is not "E 
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erization of line graphs, statement ( fni | 
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Theorem 8.4 The following Statements a 
(1) Gisa line graph. 


(2) The lines of G c 


T€ equivalent : 


an be Partitioned 


t lies in more than 
(3) G does not have K, 3 as an induced 
have a common line then the subgra 
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raphs of Fig. 8.3 į 


a 
into complete subgraphs in such 
two of the subgraphs. NS 
Subgraph, and if two odd trian’ 
Ph induced by their points is Ka: 


act 
belongs to the stars of ex 


lete 
More than two of these comp 
subgraphs. 


" E te 
(2) implies (1) Given a decomposition of the lines ofa graph G into comple i 
subgraphs $,, Saye Sa Satisfying (2), we indicate the construction p 
graph H whose line graph is G. The Points of H Correspond to the set 


CHARACTERIZATIONS OF LINE GRAPHS 75 
zs : O ; 
i] ; e 
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Fig.8.3. The nine forbidden subgraphs for line graphs. 


Wey 


subgraphs of the decomposition together with the i 
belonging to only one of the subgraphs S;. Thus $ ù Di ro f 
H and two of these points are adjacent whenever they have a iral 5 
intersection; that is, H is the intersection graph MS u U). xd 
can be readily verified that none of the nine graphs of Fig. 8.3 
f lines partitioned into complete subgraphs stat yidg the 
iduced subgraph of a line graph must itself 


(2) implies(4) It 
can have its set o 
given condition. Since every in 
be a line graph, the result follows. 

(4) implies (3) Weshow that if G does not satisfy (3), then it has one of the nine 
forbidden graphs as an induced subgraph. Assume that G has odd triangles 
abe and abd with c and d not adjacent. There are two cases, depending on 
whether or not there is a point v adjacent to an odd number of points of 


both odd triangles. 
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: jangle 
CASE. There is a point v adjacent to an odd number of poi aed 10 | 
abc and of triangle abd. Now there are two possibilities ‚either t re than one | 
exactly one point of each of these triangles or it is adjacent to m to all fouf 
point of one of them. In the latter situation, v must be adjacen fG. In th? 
points of the two triangles, giving G, as an induced subgraph of ©. 


Pre Fa can | 
former, either v is adjacent only either to a or b, giving G,, or to both | 
giving G;. 


h 
r f bot 
CASE 2. There is no point adjacent to an odd number of dap atsi 
triangles. In this case, let u and v be adjacent to an odd number o vider! 
triangles abc and abd, respectively. There are three subcases to con 


3 corte 
Case 2.1. Each of u, v is adjacent to exactly one point of the | 
sponding triangle. 


the 
Case 2.2. One of | 
other to only one. 


A s. dine 
Case 2.3. Eachofu, vis adjacent to all three points of the correspo 
triangle. 


i e. , “its” triangle 
u, v is adjacent to all three points of “its” triang'^ 


these alternatives are con: 


Ive r N efit 
to a or b, then it is also adjacent to c or to d, since otherwiS d 
- Also, neither a j 


2 OF G; is induced. 


D 
f 

, u OF, 
Sidered, we note two facts. If um 


la, b,c d, u, v} induce Geif 

sarily ud, vc e G, so that if up € G, Gg is induced, which | 
uv € GthenG . Fi ifub, ‚then again ud, vc e G uo e 
It follows that either G, or G, is an induced subgraph of G, dependi 
whether or not uv e G, 


an 
hether or not vis adjacent to both ¢ ! 


CASE 2.3. If ud, DC, OF uv € G, then G 


it 
ibi 
^ 3isinduced. The only other pos® | 
gives G,. (he 
Mr i f 
3. implies 1. Suppose that G is a graph satisfying the conditions o di 
statement. We may clearly take G to be Connected. Now, exactly on® 
following statements must be true 


1. G contains two €ven triangles with à common line od?’ 
5 * is 
2. Whenever two triangles in G havea line in common, one of them 
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Fig.8.4. Three line graphs. 


It can be shown that if G satisfies the first statement, then it is one of the 
graphs H, = L(Kis + x), H, = L(H,, or H, = L(K;) displayed in 
Fig. 8.4. So suppose that G satisfies the second statement. We indicate the 
method of constructing a graph H such that G — L(H). 

Let F, be the family of all cliques of G which are not even triangles, 
where each such clique is considered as a set of points. Let F, be the family 
of points (taken as singletons) of G lying in some clique K in F, but not 
adjacent to any point of G — K. Finally, let F, be the family of lines (each 
taken as a set of two points) of G contained in a unique and even triangle. It 
is not difficult to verify that G is isomorphic to the line graph of the inter- 
section graph H = AF, V F, U F;). This completes the proof. 


This last construction is illustrated in Fig. 8.5, in which the given graph 


G has families Fy = (523.4. (45 6}, Fa = (U) 2), (3}}, and 
F, = {{5, 7}, (6, 7)) leading to the intersection graph H; thus G = L(H). 


1 2 


un 


sn 16,7) 


a 
Fig. 8.5. A line graph and its graph. 


SPECIAL LINE GRAPHS 
In this section characterizations are presented for line graphs of trees, 


hs, and complete bigraphs. 
» en due to G. T. Chartrand, specifies when a graph is the 


line graph of a tree. 
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Bs 


| 
Fig. 8.6. The line-graph G of a tree T. ct 
A nne 
Theorem 8.5 A Braph is the line graph of a tree if and only if it is a CO 
block graph in which 


each cutpoint is on exactly two blocks. 
Proof. Suppose G = 


y those two blocks o 
This proves the necessity of the condition. 
To see the suffici 


= H, but the only cycle which is con^ 
à case not under consi Hence H must properly to 
i has a cycle z and a line x adjacent i uh 
me line y of Z. The points x and iets UY) 
hey are not adjacent. This coni ana E 
| L(H) is a block graph. Hence H is a 
T 1S proved. 


b 
ses ond 
In Fig. 8.6, a block graph G is shown in which each cutpoint lies i fit | 
two blocks. The tree T of Which G is the line graph is constructed i not 
forming the block graph B(G) and then adding new points for t^ 
cutpoints of G and the lines Joining each block with its noncutpoints.. o 
The line graphs of complete graphs and complete bigraphs ae end? y 
always characterized by rather immediate observations involving adi gen! 
of lines in K, and ma: The case of complete graphs was indep? 
settled by Chang [C7] and Hoffman [H43], [H44]. 


the theore; 
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Theorem 8.6 Unless p = 8, a graph G is the line graph of K, if and only if 


1. G has ($) points, 

2. G is regular of degree 2(p — 2), 

3. Every two nonadjacent points are mutually adjacent to exactly four 
points, 

4. Every two adjacent points are mutually adjacent to exactly p — 2 
points. 


It is evident that L(K,) has these four properties. It is not at all obvious 
that when p = 8, there are exactly three exceptional graphs satisfying the 


conditions. 
For complete bigraphs, the corresponding result was found by Moon 


[M13], and Hoffman [H46]. 
Theorem 8.7 Unless m = n = 4, a graph G is the line graph of Km n if and 
only if ae 
1. G has mn points, 
2. Gis regular of degree m + n — 2, 
3. Every two nonadjacent points are mutually adjacent to exactly two 
points, 
4. Among the adjacent 
adjacent to exactly m 
points. 


pairs of points, exactly n(7) pairs are mutually 
— 2 points, and the other m(3) pairs to n — 2 


There is only one exceptional graph satisfying these conditions. It has 
16 points, is not L(K 4,4), and was found by Shrikhande [S12] when he 


proved Theorem 8.7 for the case m = n. 


LINE GRAPHS AND TRAVERSABILITY 


We now investigate the relationship of eulerian and hamiltonian graphs 
with line graphs. 4 | 
If x = ur is a line of G, and w is not a point of G, then x is subdivided 


when it is replaced by the lines uw and we. Ifevery line of G is subdivided, the 


Fig. 8.7. A graph and its subdivision graph. 


| 
| 
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G: L(G): 

l 

| 

| 

Fig. 8.8. A counterexample. 

- | 

| 

I 

v L(G) L(G) 


Fig. 8.9, Another counterexample. 


by 

enot? s. 
resulting graph is the Subdivision graph S(G); see Fig. 8.7. If we d int | 
S,(G) the graph obtained from G by inserting n new points of n grab, 
every line of G, so that S(G) — 5\(G), we can then define a ne m 
L,(G) = L(S, .(G). Note that, in general, L(G) 2 (G), the nth 
line graph of G, 
Theorem 8,8 | 
G is hamilton 


if 


fG is eulerian, the 


“onia 
: n L(G) is both eulerian and hamilton 
lan, then L(G) is h 


amiltonian, 


on js th 
2(G) to be hamiltonian Br 
n is that L(G) be hamilton itio | 
S IDaidibo show that the first of these © if 
second is not Sufficient for L,(G) to be AES on! 
1) that L(G) = L(G) and L(G) may be ha: 


The graphs of Figs. 
is not necessary and the 
We note also (see Fig. 8.1 
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G: L(G): 


Fig. 8.10. Still another counterexample. 


G L(G) L(G) L(G) 


Fig. 8.11. A sequence of graphs L,(G). 


without G being eulerian. However, the next graph L,(G) in this series 
provides the link between these two properties. 


Theorem 8.10 A graph G is eulerian if and only if L4(G) is hamiltonian. 


For almost every connected graph G, however, nearly all of the graphs 
I'(G) are hamiltonian, as shown by Chartrand [C9]. 
Theorem 8.11 If G isa nontrivial connected graph with p points which is not 
a path, then L(G) is hamiltonian for all n > p — 3. 


iven in Fig. 8.12 in which a 6-point graph G, as well as 


mple is g 
An examp h 13(G) are shown. 


L(G), 2(G), and the hamiltonian grap! 


T SN 


L(G) L*(G) L*(G) 


Fig. 8.12. A sequence of iterated line graphs. 
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v 


Ka x TKy): 


X2 


Fig. 8.13. Formation of a total graph. 


G)% 
ee that T(G) always contains both G and L( 
induced subgraphs, 


sub“ 
Theorem 8.12 The total graph T(G) is isomorphic to the square of the 
division graph S(G). 


Or 
Corollary 8,12(a) If y is a point of G, then the degree of point v In TO p 
2degv. If x= uv is a line of G, then the degree of point x in 
deg u + deg v. 


hê 


Theorem 8.13 Forn > 1, we alw 


d 
an 
ys haver = 3. For all other m 
rim n) = (n — Dn —1) 45 (2,1) = 3. For 
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EXERCISES 
8.1 Under what conditions can the lines of a line graph be partitioned into l 
subgraphs so that each point lies in exactly two of these subgraphs? complete 
8.2 Determine the number of triangles in L(G) in terms of th 
e a 
G and the partition of G. number n of triangles of 
8.3 Determine a criterion for a connected graph to have a regular line graph 
84 A graph G can be reconstructed from the collection of ; à 
É RERA, si 
G — x; if and only if its line graph L(G) satisfies Ulam's Codec Re RBS subgraphs 
(Hemminger [H41]) 


8.5 If G is n-line-connected, then 


1. L(G) is n-connected, 
2. L(G) is (2n — 2)Hine-connected, and 
3. L(G) is (2n — 2)-connected. (Chartrand and Stewart [CS1]) 


8.6 a) Construct a connected h G wi i : 
LAG) is ed graph G with p > 4 such that L(G) is not eulerian but 
b) There is no connected h G wi 7 : 
E nnected graph G with p > 5 such that Z(G) is not eulerian and 
8.7 The smallest block whose line graph is not hamiltonian is 
k E $ : the thet i 
8 points in which the distance between the points of degree 3 is 3. Ü VUA 
8.8 L(G) is hamiltonian if and only if there is a closed trail in G whi Hae 
n 2 . hich 
least one point incident with each line of G. use 
8.9 The graph L,(G) is hamiltonian if and only if G has a closed spanning trail 
(Harary and Nash-Williams [HN1]) 


810 The following statements are equivalent 


(1) L(G) is eulerian. 
(2) The degrees of all the points of G are of the same parity and G is connected 


(3) T(G) is eulerian. 
811 T(K,)is isomorphic to L(K,+,)- (Behzad, Chartrand, and Nordhaus [BCN1]) 


8.12 Define a family F of subsets of elements of G such that T(G) = QF) 
8.13 a) If G is hamiltonian, so is T(G). If G is eulerian, then T(G) is both eulerian and 


hamiltonian. 
b) The total graph T(G)ofevery nontrivial connected graph G contains a spanning 


eulerian subgraph. 
c) If a nontrivial graph G contains a spanning eulerian subgraph, then T(G) is 


hamiltonian. 
d) If Gis nontrivial and connected, then T?(G) is hamiltonian. 


(Behzad and Chartrand [BC2]) 
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A problem which occurs in varying contexts is to determine whether sine 
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gree 1 and 2. f ores j 
of a given graph into spanning fi E 


: E : BORA 
also studied and gives rise to an invariant known as “arboricity. A P 
for the arboricity of a graph in terms of its subgraphs was derive p! 
Williams, and explicit constructions for the minimum number O 
forests in 
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HY gl 
A factor of a graph G is à spanning subgraph of G which is not toi " 
connected. We Say that G is the sum* ego | 
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m of n- ye 
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eso 
line 
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i 2741 Cannot have a 1-fac 
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e ———» 


Me ay ee 
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Fig. 9.1. A I-factorization of K,. 


Theorem 9.1 The complete graph Kn is 1-factorable. 


Proof. We need only display a partition of the set X of lines of K;, into 
(2n — 1) I-factors. For this purpose we denote the points of G by 
v Uo 7, Van and define, for i= 1,2,:::,2n — 1, the sets of lines 
X, = [0;02n) Y {vi jr) = 1,2,:::, n — 1}, where each of the subscripts 
i — jandi + jis expressed as one of the numbers 1, 2,---, (2n — 1) modulo 
(2n — 1). The collection {X;} is easily seen to give an appropriate partition 
of X, and the sum of the subgraphs G; induced by X; is a 1-factorization of 


Kon: 
For example, cons 
tion presented in the p 
Although the comp 
graphs Kpn are 1-factorable, 


gular bigraph is 1-factorable. 

It is not an easy problem to determine whether a given graph is 1- 
factorable, or, indeed, to establish whether there exists any I-factor. Beineke 
and Plummer [BP2] have shown, however, that many graphs cannot have 


exactly one 1-factor. 
Theorem 9.3 If a 2-connected graph has a 1-factor, then it has at least two 


ider the graph Kg shown in Fig. 9.1. The 1-factoriza- 
roof of the theorem produces the five 1-factors G 
lete bigraphs Km, have no 1-factor if m 4 ht 
as seen by the next statement. 


Theorem 9.2 Every re 


different 1-factors. 


The graph G in Fig. 9.2 is a block with exactly two 1-factors, and they 


have one common line. 
The most significant result on factorization is due to Tutte [T7] and 


characterizes graphs possessing a 1-factor. In general, this test for a 1-factor 
The proof given here is based on Gallai [G1]. 


is quite inconvenient to apply. 
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6: NG WA Ga: A o 


Fig. 9.2. Two l-factors of a block. 


di 
no 
A set of mutually nonadjacent lines is called independent. By 4 
component of G we mean one with an odd number of points. 4 
ei 
Theorem 9.4 A graph G has a 1-factor ifand only if p is even and p P 
Set S of points such that the number of odd components of G — 
IS]. 


AE 

t least one point of H is m M 

f odd components of G can ^f 

Since in a 1-factor each point of $ care? 
— S and therefore can take 


ko be the number o 
-factor then |S] > ko, 


of 
E sel 
€ sufficiency, assume that G does not have a set | 
m set of independent lines. Let T denote i 


tra, a 
Serr e 
o De a point incident o 


€ lines alte 


A 9r an ST-point. 
$ " pue 
No T-point is joined by a li "d E xi T ar . em? y 

\ ach S-point is joined byalineofStoa T-point. pure in 
each T-point is incident with a line of s Since otherwise the lin ii arf 
alternating us-v trail could be switched between S and T to obtain 
independent set, 


| 
d 
no 
eed! 
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Let H be the graph obtained by deleting the T-points. One component 
of H contains ug, and any other points in it are ST-points. The other com- 
ponents either consist of an isolated S-point, only ST-points, or only 
0-points. 

We now show that any component H, of H containing ST-points has an 
odd number of them. Obviously H, either contains u, or has a point u, 
joined in G to a T-point by a line of S such that some alternating ug-u; 
trail contains this line and no other points of H,. If H, contains up, we take 
u, = ug. The following argument will be used to show that within H, every 
point v other than u, is incident with some line of S. This is accomplished by 
showing that there is an alternating u,—v trail in H, which terminates in a 
line of S. 

The first step in doing this is showing that if there is an alternating 
u,-v trail P,, then there is one which terminates in a line of S. Let P, be 
an alternating ug-v trail ending in a line of T, and let u'v' be the last line of 
P,, if any, which does not liein H,. Then u’ must be a T-point and u'v' a line 
in S. Now go along P, from u, until a point w' of P, is reached. Continuing 
along P, in one of the two directions must give an alternating trail. If 
going to v' results in an alternating path, then the original uo-u; trail Po 
followed by this new path and the line v'u' would be a u,-u, trail terminating 
in a line of S and u' could not be a T-point. Hence there must be a u,-v 
trail terminating in a line of S. 

Now we show that there is necessarily a u,-v alternating trail by as- 
suming there is not. Then there is a point w adjacent to v for which there is a 
u,-w alternating trail. If line wv is in S, then the u,-w alternating trail 
terminates in a line of T, while if wv is in T, the preceding argument shows 
there is a u,-w trail terminating in a line of S. In either case, there is a 
u,-v alternating trail. 

This shows that the component H, has an odd number of points, and 
that if H, does not contain uy, exactly one of its points is joined to a T-point 
by a line of S. Hence, with the exception of the component of H containing 
ug and those consisting entirely of 0-points, each is paired with exactly one 
T-point by a line in S. Since each of these and the component containing 


Ug is odd, the theorem is proved. 


The graph of Fig. 9.3 has an even number of points but contains no 1- 
factor, for if the set S = {vı ¥2} is removed from G, four isolated points 


(and therefore four odd components) remain. 


Fig. 9.3. A graph with no 1-factor. 
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¡vel 
: in a E 
Building up on his criterion for the existence of a Mes span 
raph, Tutte [T10] was able to characterize those graphs Tu] prove 
Bioeth with prescribed degree Sequence, and later, [T11], 


Jing 
: la 
quence of Theorem 9.4. Consider 2 


of G joining a point of H with one in 
we may write ky(S, T) as the 


such that q(H, T) + Zuen f(u) is odd. 


È f(u) < ko(S, T) + LISU) = de-s). 
ueS veT 


2-FACT ORIZATION 


If a graph is 2-factor: 


i 
n cy? t 
d isioint el 
able, then each factor must be a union of disj l 
If a 2-factor is connected, it is a y 


fact a stronger statement can be made, 


Zz: 


Fig. 9.4. A 2-factorization of K,. 
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Theorem 9.6 The graph K;,, , is the sum of n spanning cycles. 


Proof. In order to construct n line-disjoint spanning cycles in K,,; ,, first 
label its points vy, Va, ***> t5,4,. Then construct n paths P; on the points 
Vy, 02,7 ^7 U2, AS follows: P; = 0,01 Vie 0; 2^7 Vitai Vi-n Thus the jth 
point of P; is v, where k = i + (—1)/*'[j/2] and all subscripts are 
taken as the integers 1, 2,---, 2n (mod 2n). The spanning cycle Z; is then 
constructed by joining vz, , to the endpoints of P;. 

This construction is illustrated in Fig. 9.4 for the graph K;. The lines 
of the paths P; are solid and the two added lines are dashed. 

There is a decomposition of K;, which embellishes the result of Theorem 
9.1. e © ) 

Theorem 9.7 The complete grap i Kon ‘is the sum of a 1-factor and n — 1 
spanning cycles. 

Of course, every regular graph of degree 1 is itself a 1-factor and every 
regular graph of degree 2 is a 2-factor. If every component of a regular 
graph G of degree 2 is an even cycle, then G is also 1-factorable since it can 
be expressed as the sum of two I-factors. Ifa cubic graph contains a 1-factor, 
it must also have a 2-factor, but there are many cubic graphs which do not 


have 1-factors. . 
The graph of Fig. 9.5 has three bridges. Petersen [P3] proved that any 


cubic graph without a 1-factor must have a bridge. 


Fig. 9.5. A cubic graph with no 1-factor. Fig. 9.6. The Petersen graph. 


Theorem 9.8 Every bridgeless cubic graph is the sum of a 1-factor and a 


2-factor. 


Petersen showed that this result could not be strengthened by exhibiting 


a bridgeless cubic graph which is not the sum of three 1-factors. This well- 


known graph, shown in Fig. 9.6, iscalled the Petersen graph. By Theorem 9.8, 
it is the sum of a 1-factor and a 2-factor. The pentagon and pentagram 
together constitute a 2-factor while the five lines joining the pentagon with 


the pentagram form a 1-factor. 
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: so 
A criterion for the decomposability of a graph into 2-factors was al 
obtained by Petersen [P3]. j 


: - ee. 
‘Theorem 9.9 A graph is 2-factorable if and only if it is regular of even degr 
even degree. 


ARBORICITY y n | 
In the only type of factorization considered thus far, each factor has ke 
an n-factor. Several other kinds of factorizations have been invest. be 
and we discuss one now and others in Chapter 11. Any graph G ont | 
expressed as a sum of spanning forests, simply:by letting each factor co mu | 
only one of the q lines of G. A natural problem is to determine the mini? ed: 
number of line-disjoint spanning forests into which G can be decomP a Je 
This number is called the arboricity of G and is denoted by Y(G). For a into 
Y(K¿) = 2 and Y(K,) = 3; minimal decompositions of these graP 
spanning forests are shown in Fig. 9.7. 


ZNZ 
Bway 


Fig. 9,7. Minimal decompositions into spanning forests. 


A formula discovered illi N2] gives 
mmk ed by Nash-Williams [N2] £ NE 


m 
mar! 
Theorem 9.10 Let G be a nontrivial (p, q) graph and let dn by, ie 


number of lines in any subgraph of G having n points. Then 


Qn 
Y(G) = max EE ib. goio", 


as ft 
. The fact that Y(G) > max, {q,/(n — 1)} can be gn ing fol 
Since G has p points, the maximum number of lines 10 any rest re 
isp — 1. Hence, the minimum possible number of spanning 
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to fill G, which by definition is Y(G), is at least q/(p — 1). But the arboricity 
of Gisan integer, so Y(G) > (q/(p — 1)}. The desired inequality now follows 
from the fact that for any subgraph H of G, Y(G) > Y(H). 

Among all subgraphs H with n < p points, max Y(H) will occur in those 
induced subgraphs containing the greatest number of lines. Thus if H isa 
subgraph of G, Y(H) can be greater than {q/(p — i)}. The (10, 15) graph in 
Fig. 9.8 illustrates this observation. Takingn = 5and q, = 10(forH = Ks), 


we have 
An q 
Y(H) > = = E 
n is Pils 3 


For K,, the maximum value ofq,/(n — 1) clearly occurs forn = pso that 


Y(K,) = {p/2}. Similarly, for the complete bigraph K,,, (q,/(n — 1)} 
assumes its maximum value when n = p =r + s. 


Fig. 9.8. A graph G with a dense subgraph H. 


Corollary 9.10(a) The arboricities of the complete graphs and bigraphs are 


rs 
vp = [B and  Y(K,,) d 


Although Nash-Williams’ formula gives the minimum number of 
spanning forests into which an arbitrary graph can be factored, his proof 
does not display a specific decomposition. Beineke [B5] accomplished this 
for complete graphs and bigraphs, the former of which we present here. For 
p = 2n, K,can actually be decomposed into n spanning paths. Labeling the 
Points v,, 03, ^ * *, 025, WE consider the same n paths 


P; = vj Vj-1 Ui«1 Vi-2 Uie2 7’ Uie n- 1 Vin» 


as in proof of Theorem 9.6. For p — 2n + 1, the arboricity of K,isn + 1 
by Corollary 9.10(a). A decomposition is obtained by taking the paths just 
described, adding an extra point labeled vz, , , to each, and then constructing 
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: E Anni ts. 
Fig. 9.9. A minimal decomposition of Kg into spanning fores! 


, tion for P ^ 
a star by joining v;,, , to the other 2n points. The construc 


: eo 
is shown in Fig.9.9. It iseasily seen to consist of the star at on 


H ur span 
of K, together with spanning subforests corresponding to the fo 


paths of Kg indicated above. 


EXERCISES 


9 


oint$ 
f the P' ning 


jzation® 
; 1-factoriZ 
9.1 The graph K, hasa unique 1-factorization. Find the number of 


of K, , and of Ke: 
9.2 
93 
94 
9.5 
9.6 
9.7 


Display a 1-factorization for K Br 


The number of 1-factors in Ka is (2n)!/(2"n!). 
Ken-2 has a 3-factorization, 


Forn > 1, Kan+1 is 4-factorable. 1 
Use Tutte's Theorem 9.4 to show that the graph of Fig. 9.5 has ui a 
Ifan n-connected graph G with p even is regular of degree n, then 


: Gis 
9.8 Prove or disprove: Let G bea graph with a 1-factor F. A line of 


in F. p 
one 1-factor if and only if it lies on a Cycle whose lines are alternately ! ummer [P 


(Beineke and Pi 
9.9 Express K, as the sum of four spanning cycles. 
9.10 Is the Petersen graph hamiltonian? 


asa 
utte 


in more th 
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*9.11 Corresponding to any two integers d > 3 and g > 3, there exists a graph G with 
the following properties : 


9.12 
9.13 


G is regular of degree d. 

G has girth g. 

G is hamiltonian. 

The cycles of length g are line-disjoint and constitute a 2-factor of G. 

Gis the sum of this 2-factor and (d — 2) 1-factors. (Sachs [S9]) 
Display a minimal decomposition of K, , into spanning forests. 

Find the smallest connected (p, q) graph G such that 


max, (a,/(r — 1)} > (a/(p — 1)), 


where q, is the maximum number of lines in any induced subgraph of G with r points. 
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A i sts. 
Fig. 9.9. A minimal decomposition of K, into spanning fore E. 
ion for P ^ 
E truction 
a star by joining v,,,, to the other 2n points. The en one of the we 
is shown in Fig.9.9. Itis easily seen to consist oft es to the four span 
of K, together with spanning subforests corresponding 
paths of K, indicated above. 


ruda, 


EXERCISES 


sons 
izatio 
4 of 1-factor! 
9.1 The graph K, has a unique 1-factorization. Find the number 
of K, and of Kg. 


9.2 Display a 1-factorization for Kg. 


93 The number of I-factors in Ka, is (2n)!/(2"n!). 
94 Ken-2 hasa 3-factorization, 

95 Forn > 1, K4n4, is 4-factorable. no 1-facto! 
9.6 Use Tutte's Theorem 9.4 to show that the graph of Fig. 9.5 has 


to! 
à 1-fac' ) 

then G has [2 

9.7 Ifan n-connected graph G with p even is regular of degree n, utte 


f. 


9.8 Proveor disprove: Let G 


in F- 
y S nately in er 
one 1-factor if and only if it lies on a cycle whose lines prier and Plumm! 


9.9 Express Ky as the sum of four spanning cycles. 


ine of G is in 
bea graph with a 1-factor F. A line por?) | 
| 
9.10 Is the Petersen Braph hamiltonian? 
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*9.11 Corresponding to any two integers d > 3 and g > 3, there exists a graph G with 
the following properties: 


1, Gis regular of degree d. 

2. G has girth g. 

3. G is hamiltonian. 

4. The cycles of length g are line-disjoint and constitute a 2-factor of G. 

5. Gis the sum of this 2-factor and (d — 2) 1-factors. (Sachs [S9]) 
9.12 Display a minimal decomposition of K, , into spanning forests. 
9.13 Find the smallest connected (p. q) graph G such that 


max, {q,/fr — 1)) > {ap — 1)}, 
where q, is the maximum number of lines in any induced subgraph of G with r points. 


CHAPTER 10 


COVERINGS 


L : A S 
Through any point not on a given line, there passe 
a unique line having no points in common with the given pr 

guc? 


Through any point not on a given line, there past 
iven line 


Rieman" 
there pas 


given Jine 
Boy 


no line having no points in common with the & 


Through any point not on a given line, 
more than one line having no points in common with the 


Iti : 

i i nea thata line x = uv of G covers the points u ando. $ 
el DE re point as covering all lines incident with it. From fots 
enda efines two invariants of G: the minimum number © pa the 
chu s eh all the lines (points. Two related invariants on f$ 
Selm s r of nonadjacent points and lines. These four nu study 
of special point ny graph satisfy several relations and also suggest s TA 
Moss ar s and lines which are critical for covering purposes: . «ore 
ya all to two special subgraplis of G called the fin ened 
dk ut riteria for the existence of such subgraphs are e 

overing properties of the graph. 


COVERINGS AND INDEPENDENCE 


A point i ; 

ola as are said to cover each other if they are incident- A o 6 
ee le vers all the lines of a graph G is called a point cove’ alles 
in beranns: Ines which covers all the points is a line cover- The sme 
eee [ES TR In any point cover for G is called its point covering er of 
lines in any li Y %o(G) or «o. Similarly, «4(G) or a, is the smallest no amp? 
"Arden y e of G and is called its line covering number. * a coe | 
called his ‚and «,(K,) = [(p + 1)/2]. A point cover (ine * that í 

inimum if it contains ag (respectively «,) elements. Observ? 


94 
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Fig. 10.1. The graph X, K,. 


point cover may be minimal without being minimum; such a set of points 
is given by the 6 noncutpoints in Fig. 10.1. The same holds for line covers; 
the 6 lines incident with the cutpoint serve. 

A set of points in G is independent if no two of them are adjacent. The 
largest number of points in such a set is called the point independence number 
of G and is denoted by ß,(G) or Bo. Analogously, an independent set of lines 
of G has no two of its lines adjacent and the maximum cardinality of such a 
set is the line independence number ß,(G) or Bı. For the complete graph, 
Bo(K,) = land f,(K,) = [p/2]. Obviously B,(G) = p/2 if and only if G has 
a 1-factor. The numbers just defined are f (G) = 2 and B,(G) = 3 for the 
graph G of Fig. 10.1. 

For this graph as well as for K,,a% + Bo = & + f, = p. Gallai [G2] 
proved that this identity always holds. 


Theorem 10.1 For any nontrivial connected graph G, 
Xo + flo — p =% + fy. 


Proof. Let M, be any maximum independent set of points, so that |M;| = Bo. 
Since no.line joins two points of Mo, the remaining set of p — fl; points 
constitutes a point cover for G so that ay < p — Bo. On the other hand, 
if Ny is a minimum point cover for G, then no line can join any two of the 
remaining p — % points of G, so the set V — No is independent. Hence, 
— roving the first equation. 

Bo s hee En equality, we begin with an independent set M, of 
Bı lines, A line cover Y is then produced by taking the union of M, and a 
Set of lines, one incident line for each point of G not covered by any line 
in M,. Since |M,| + |Y| < p and |Y| > «,, it follows that a, + Bı <p. 
In order to show the inequality in the other direction, let us consider a 
minimum line cover N, of G. Clearly, N, cannot contain a line both of whose 
endpoints are incident with lines also in N,. This implies that N, is the sum 
of stars of G (considered as sets of lines). If one line is selected from each of 
these stars, we obtain an independent set Ww of lines. Now, |N,| + |W] = p 
and |W| < f,;thus o, + fı = P, completing the proof of the theorem. 
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Hedetniemi [H39] noticed that the proof of the first equation in 
Theorem 10.1. 


——  ———HÉÁ 


o: fig — p 

is hereditary 
f heredita? 
partite 


| 
applies in a more general setting. A property P of a graph G 
if every subgraph of G also has this property. Examples o 
properties include a graph being totally disconnected, acyclic, and bi 
A set S of points of G is called a P-set if the induced subgraph <S) has proper 


P;itis called a P-set if every subgraph of G without property P conta 


point of S. Let Bo(P) be the maximum cardinality of a P-set of G an he 
&o(P) be the minimum number of points of a P-set. Then the proo of 
next statement is obtained at once from that of Theorem 10.1. 


Corollary 10.1(a) If P is an hereditary property of G, then %(P) + BP = 


: : E 
A collection of independent lines of a graph G is sometimes called 
hem. 


Pru of G since it establishes a pairing of the points incident to the. > fG i 
one reason, aset of fj, independent lines in G is called a maximum matching 9] - 
If G is bipartite, then more can be said. The next theorem due to König jv s 
RAM related to his Theorem 5.18 on systems of distinct representa! 
ated in matrix form, in fact it is the same result. m | 

d GO „imt 
Ehi 10.2 If G is bipartite, then the number of lines in a ma 
ng equals the point covering number, that is, f, = %o: 


ine 
called. match! i 


aie a of finding a maximum matching, the so- i 

Let Mc XO) related to that of finding a minimum point MM 
one of any t ) be a matching of G. In an alternating M-trail, | is o j 
alternating u consecutive lines is in M. An augmenting M-ıra! of V: | 
Such a trail Fries whose endpoints are not incident with any line ¿00 
augmenting Am e a path or cycle because M is a matching: i 
maximum mat nen matching M is unaugmentable. Clearly cg) ] 
and the proof ening is unaugmentable; the converse is due to Berge 

given below appears in Norman and Rabin [NR1]- 


Theorem 10.3 
Every unaugmentable matching is maximum. ‘fol | 


Proof. Let M bi m: 
: € unaugm imum mé i j 
ugmentable and choose a maximum atchinE p È ] 


which |M — M’ 
wn dua En the number of lines which are in M but not P. 
Lr s: number is zero then M = M‘, Otherwise. i gin 
. M'is unauftmenfahlı length whose lines alternate in M — M’ and at 
has equally many titer ae W cannot begin and end with lines of maxi; | 
matohing N frons E in M — M' and in M’. Now we form ? the l” f | 


y replacing those lines of W which are in he cholo 


even 


of W in M — M’. Th i 
then M E Esos ting t 
M'atid compl the s N| < |M — M', contradic 
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Norman and Rabin [NR1] developed an algorithm, based on the next 
theorem, for finding all minimum line covers in a given graph. Let Y be a 
line cover of G. An alternating Y-walk is a Y-reducing walk if its endlines 
are in Y and its endpoints are incident to lines of Y which are not endlines of 
the walk. Obviously every minimum line cover has no reducing walk. 


Theorem 10.4 If Y is a line cover of G such that there is no Y-reducing walk, 
then Y is a minimum line cover. 


The cover invariants «y and a, of G refer to the number of points needed 
to cover all the lines and vice versa. We may also regard each point as 
covering itself and two points as covering each other if they are adjacent, and 
similarly for lines. Then other invariants suggest themselves. 

Let &oo be the minimum number of points needed to cover V, and let 
| o be the minimum number* of independent points which cover V. Then 
| both these numbers are defined for any graph. Let &,, and a, , have similar 
meanings for the covering of lines by lines. The relationships among these 
invariants were determined by Gupta [G11]. 


Theorem 10.5 For any graph G, 


Koo < Xo and Oy = Xir 


CRITICAL POINTS AND LINES 

Obviously, if H is a subgraph of G, then %(H) < «,(G). In particular, this 
inequality holds when H = G — vor H = G — x for any point v or line x. 
Ifa o(G — v) < a (G), then v is called a critical} point; if «(G — x) < «o(G), 
then x is a critical line of G. Clearly, if v and x are critical, it follows that 
| %(G — v) = a (G — x) = «o — 1. Critical points are easily characterized. 


| Theorem 10.6 A point v is critical in a graph G if and only if some minimum 
point cover contains v. 
Proof. If M isa minimum point cover for G which contains v, then M — {v} 
covers G — v; hence, a(G — v) < |M — {v}| = |M| — 1 = ««(G) — 1 so 
| that v is critical in G. A À 

Let v be a critical point of G and consider a minimum point cover M’ 
for G — v. The set M’ u {v} isa point cover for G, and since it contains one 


more element than M’, it is minimum. 
If the removal of a line x — uv from G decreases the point covering 


| number, then the removal of u or v must also result in a graph with smaller 
point covering number. Thus, if a line is critical both its endpoints are 


* Berge [B12] calls ao the “external stability number" and ß, the “internal stability number.” 
T In this chapter, "critical" refers to covering; in Chapter 12, the same word will involve coloring. 
| The meanings should be clear by context. 


| 
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Fig. 10.2. Line-critical graphs. 
i + fof 
critical. If a graph has critical points, it need not have critical lines» 
example, every point of C, is critical but no line is. vical while one 
A graph in which every point is critical is called point-critica’ Mr and 
having all lines critical is line-critical. Thus a graph G is point-critic QU 
only if each point of G lies in some minimum point cover for G. is poin 
Previous remarks, every line-critical graph without isolated points cyc cs ol 
critical. Among the line-critical graphs are the complete graphs, the 
odd length, and the graphs of Fig. 10.2. t 
A constructive criterion for line-critical graphs is not known $ 
however, the first two corollaries to the following theorem © 


itions 
Harary, and Plummer [BHP1] place some rather stringent condi 
such graphs. 


ti 
rese” 
Pa peko 


n 1 o 
Theorem 10,7 Any two adjacent critical lines of a graph lie on an hich apy 
f in whic 
Corollary 10.7(a) Every connected line-critical graph is a block in V 
two adjacent lines lie on an odd cycle. 


ulm 
Theorem 10.7 was derived by generalizing the next result due to j 
and Mendelsohn [DM1]. 


ag 


t 
E nde? 
Corollary 10.7(b) Any two critical lines of a bipartite graph are Uu 


LINE-CORE AND POINT-CORE 


jo 
h e uni? 

The line-core* Ci(G) ofa graph G is the subgraph of G induced Ur A 

ofall independent sets Y of lines (if any) such that | Y] = «o(G it 


> 


" p H n x. y 
bipartite graph which is not totally disconnected has one. As n a" 
a graph with no line-core, consider an odd cycle Cp. Her line-coft 
(Cp) = (P + 1)/2 but that B,(C,) = (p — 1)/2, so C, has no 


* Called “core” in[DM1] and [HP1g]. 


da cy 
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C\(G): 


Fig. 10.3. A graph and its line-core. 


Harary and Plummer [HP19] developed a criterion for a graph to havea 
line-core. A minimum point cover M fora graph G with point set V is said to 
be external if for each subset M' of M, |M'| < |U(M"), where U(M’) is the 
set of all points of V — M which are adjacent to a point of M’. 


Theorem 10.8 The following are equivalent for any graph G: 


(1) G has a line-core. 
(2) G has an external minimum point cover. 
(3) Every minimum point cover for G is external. 


As an example, consider the graph G of Fig. 10.3. This graph has two 
minimum point covers: M, = (vz, vs vg} and M; = (v5, vs, v;). Let us 
concentrate on M,. If Mj = M,, then U(M}) = {v,, v3, v4, v7}. For 
MY = (vs, ve}, U(M1) = (vs Va, 07). We observe that |Mj] < |U(M})| and 
|M'| € |U(M%)|, a fact which is true for every subset of M,; hence, by 
| definition, M, is external. Obviously, M; is also external. 

On the other hand, there are graphs which are equal to their line-core. 
This family of graphs is characterized in the next theorem, given in [HP19]. 
Following the terminology of Dulmage and Mendelsohn [DM1], we 
consider a bigraph G whose point set V is the disjoint union S U T. We say 
that G is semi-irreducible if G has exactly one minimum point cover M and 
either M ^ Sor M ^ Tis empty. Next, G is irreducible if it has exactly two 
minimum point covers M, and M; andeither M; ^ S = $andM; T = $ 
or M; nT = $ and M¿NS = 6. Finally, G is reducible if it is neither 
irreducible nor semi-irreducible. 


v La u uz 


| Fig. 10.4. A semi-irreducible and an irreducible graph. 


AS NT 
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> if Gis 
Theorem 10.9 A graph G and its line-core C,(G) are equal if and only! 
bipartite and not reducible. 


v 
Consider the bigraphs G, and G; of Fig. 10.4. In Gi, let S, m, 
and T, = (vi, v2, Va, vs, v;). The bigraph G, has the unique m incite za 
cover M, = (vz, vg], and since M; AT, = 4, G, is semi-irredu >. 
hence equals its line-core. In Gz set S3 = {u,, Uy us} and T; = {uz Us and 
There are two minimum point covers, namely, M, = (uy, Hae A ae 
Na = (us us ug). However, M; ^ T, = $ and N,n$,-24;t 


G, is irreducible and also equals its line-core. 


EXERCISES 


10.1 Prove or disprove: Eve 


r oint 
ins a minimum P 
Ty point cover of a graph G contains a mini 
cover. 


; maximum 
^ n yr tee ; a 

102. Prove or disprove: Every independent set of lines is contained in 
independent set of lines. 


10.3 
10.4 
10.5 
10.6 
10.7 
10.8 


For any graph G, a,(G) > B,(G) and «,(G) > B(G). 
Find a necessary and sufficient condition that «,(G) = f,(G). T 
2 iltonian. 
If G has a closed trail containing a point cover, then L(G) is hamilton 
For any graph G, a(G) > à(G). te bi 
If G isa bigraph then q < A0Bo, with equality holding only for comple 
IfGisa complete n-partite graph, then 
aa =S5=~ =), 
b) Gis hamiltonian if and only if p < 20. G has 
c) If Gis not hamiltonian, then its circumference c = 2a, and D. Plumm® 
minimum point cover. Mm $ [cor 
d) By = min (3, [p/2)). A os 
10.9 a) Let B, be the maximum number of points in a set $ c V(G) such t 
disconnected. Then x = p — B.. [H 39) 


e jemi 
b) Defining £, analogously, 4 = q — p. (Hedetniem 
10.10 Calculate: 


graphs 


«que 
unid 
2%) 


a) A (K,), b) ago(K, 
10.11 The "chess. 3 
of which are adja ne can be reached from the other by a sing 
queen; the chess-knight, chess-bishop, and chess-rook graphs are define i 
h of these four graphs? bos 4) 

(Solutions are displayed in Berge [B 

0 o, and a, are as follows: 
solated points. 
oo: 
< x 
< Qoo. 


mab ©) 21 (Ko) its points, IM 
“queen graph” has the 64 squares of a chess board as 1 Je move “ay: 
d simila" 


10.12 Some relationships among q, 


a) Ho X a if there are no j 
b) For some graphs, a, < 
c) For some graphs, a, 
d) For some graphs, os, 
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10.13 Prove or disprove: A line x is critical ina graph G ifand only ifthereisa minimum 
line cover containing x. 
10.14. Prove or disprove: Every 2-connected line-critical graph is hamiltonian. 
10.15 The converse of Corollary 10.7(a) does not hold. Construct a block which is not 
line-critical in which any two adjacent lines lie on an odd cycle. 
10.16 A tree T equals its line-core if and only if T is a block-cutpoint tree. 
(Harary and Plummer [HP19]) 
10.17 For any graph G, the following are equivalent: 
l. G has a line-core, 
2. ao(G) = f,(G), 
3. &,(G) = Bo(G). (Harary and Plummer [HP19]) 
10.18 If G is a connected graph having a line-core C,(G), then 
a) C,(G) is a spanning subgraph of G, 
b) C\(C,(@) = C,(G), 
c) the components of C,(G) are bipartite subgraphs of G which are not reducible. 
(Harary and Plummer [HP19]) 


10.19 If G isa graph with line-core C,(G) and B is a bipartite subgraph of G properly 
containing C,(G), then B is reducible. (Harary and Plummer [HP 19]) 


10.20 The point-core Co(G) is the subgraph of G induced by the union ofall independent 
sets S of a,(G) points. A graph G has a point-core if and only if it has a line-core. 


(Harary and Plummer [HP 18]) 
10.21 If G = C,(G), then G has a 1-factor. (Harary and Plummer [HP 18]) 


10.22 If G is regular of degree n, then there is a partition of V into at most 1 + [n/2] 
subsets such that each point is adjacent to at most one other point in the same subset. 


(Gerencsér [G6]) 


CHAPTER 11 
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: ler (V ^ nen 
Topological graph theory was first discovered in 1736 by Eu wh 


PLANARITY 


jand, 
ins of Flat 
Return with me a while to the plains ave of? | 


+t vou 
and I will shew you that which y pout dl 


a 
reasoned and thought Jatland 
Epwin A. ABBOTT, 


| 
| 


bject was revived ig | 
F — 2) and then was dormant for 191 years. The su J ‘another pion atl | 
Kuratowski found a criterion for a graph to be planar. 


: ome imi 
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Fig. 11.1. A planar graph and an embedding. 
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plane graph has already been embedded in the plane. For example, the cubic 
graph of Fig. 11.1(a) is planar since it is isomorphic to the plane graph in 
Fig. 11.1(b). 

We will refer to the regions defined by a plane graph as its faces, the 
unbounded region being called the exterior face. When the boundary of 
a face of a plane graph is a cycle, we will sometimes refer to the cycle as a 
face. The plane graph of Fig. 11.2 has three faces, f,, f; and the exterior 
face f4. Of these, only f is bounded by a cycle. 


SU 


Fig. 11.2. A plane graph. 


The subject of planar graphs was discovered by Euler in his investigation 
of polyhedra. With every polyhedron there is associated a graph consisting 
only of its vertices and edges, called its /-skeleton. For example, the graph 
O, is the 1-skeleton of the cube and K; that of the octahedron. The 
Euler formula for polyhedra is one of the classical results of mathematics. 


Theorem 11.1 (Euler Polyhedron Formula). For any spherical polyhedron 
with V vertices, E edges, and F faces, 
V-E+F=2 (11.1) 
For the 3-cube we have V — 8, E = 12, and F = 6 so that (11.1) holds; 
for a tetrahedron, V = F = 4and E = 6. Before proving this equation, we 
will recast it in graph theoretic terms. A plane map is a connected plane 
graph together with all its faces. One can restate (11.1) for a plane map in 
terms of the numbers p of vertices, q of edges, and r of faces, 
p-qt+r=2. (11.1) 
It is easy to prove this theorem by induction. However, this equation 
has already been proved in Chapter 4 where it was established that the cycle 
rank m of a connected graph G is given by 


m-q-—pcl 


Since it is easily seen that if (11.1’) holds for the blocks of G separately, then 
(11.1) holds for G also, we assume from the outset that G is 2-connected. 
Thus every face of a plane embedding of G is a cycle. 

We have just noted that p = V and q = E fora plane map. It only 
remains to link m with F. We now show that the interior faces of a plane 
graph G constitute a cycle basis for G, so that they are m in number. This 
holds because the edges of every cycle Z of G can be regarded as the symmetric 
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Theorem 11.3 Every 2-connected plane graph can be embedded in the plane 
so that any specified face is the exterior. 


Proof. Let f be a nonexterior face of a plane block G. Embed G on a sphere 
and call some point interior to f the “North Pole.” Consider a plane tangent 
to the sphere at the South Pole and project* G onto that plane from the 
North Pole. The result is a plane graph isomorphic to G in which fis the 
exterior face. 


Corollary 11.3(a) Every planar graph can be embedded in the plane so that a 
prescribed line is an edge of the exterior region. 


Whitney also proved that every maximal planar graph is a block, 
and more. 


Theorem 11.4. Every maximal planar graph with p > 4 points is 3-connected. 


- e En 
(a) (b) 


Fig. 11.3. Plane wheels. 


There are five ways of embedding the 3-connected wheel W, in the 
plane: one looks like Fig. 11.3(a), and the other four look like Fig. 11.3(b). 
However, there is only one way of embedding W, on a sphere, an observation 
which holds for all 3-connected graphs (Whitney [W11]). 


Theorem 11.5 Every 3-connected planar graph is uniquely embeddable on 
the sphere. 


LV ERY, 
py ARN 


Fig. 11.4. Two plane embeddings of a 2-connected graph. 


To show the necessity of 3-connectedness, consider the isomorphic 
graphs G, and G, of connectivity 2 shown in Fig. 11.4. The graph G, is 
embedded on the sphere so that none of its regions are bounded by five 
edges while G, has two regions bounded by five edges. 


* This is usually called stereographic projection. 
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(a) (b) ©) 


Fig. 11.6. Three maximal outesplanar graphs. 
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Fig. 11.7. The forbidden graphs for outerplanarity. 


Proof. Obviously the result holds for p = 3. Suppose it is true forp=n 
and let G have p = n + 1 vertices and m interior faces. Clearly G must have 
a vertex v of degree 2 on its exterior face. In forming G — v we reduce the 
number of interior faces by 1 so that m — 1 = n — 2. Thus m = n — 1 = 
p -- 2, the number of interior faces of G. 

This theorem has several consequences. 


Corollary 11.9(a) Every maximal outerplanar graph G with p points has 


a) 2p — 3 lines, 

b) at least three points of degree not exceeding 3, 
c) at least two points of degree 2, 

d) x(G) = 2. 


All plane embeddings of K4 and K, ‚are of the forms shown in Fig. 11.7, 
in which each hasa vertex inside the exterior cycle. Therefore, neither of these 
graphs is outerplanar. We now observe that these are the two basic non- 
outerplanar graphs, following [CH3]. : 

Two graphs are homeomorphic if both can be obtained from the same 
graph by a sequence of subdivisions of lines. For example, any two cycles 
are homeomorphic, and Fig. 11.8 shows a homeomorph of K4. 


Theorem 11.10 A graph is outerplanar if and only if it has no subgraph 
homeomorphic to K4 or K2,3 except K4 — x. 


It is often important to investigate the complement of a graph with a 
given property. For planar graphs, the following theorem due to Battle, 


108 PLANARITY | 


Fig. 11.8. A homeomorph of K4. 
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Theorem 11.13 A graph is planar if and only if it has no subgraph homeo- 
morphic to K; or K3 3. 


Proof. Since K; and K, , are nonplanar by Corollary 11.1(d), it follows that 
if a graph contains a subgraph homeomorphic to either of these, it is also 
nonplanar. 

The proof of the converse is a bit more involved. Assume it is false. Then 
there is a nonplanar graph with no subgraph homeomorphic to either K; 
or K3,3. Let G be any such graph having the minimum number of lines. Then 
G must be a block with ö(G) > 3. Let xy = uovo be an arbitrary line of G. 
The graph F = G — x, is necessarily planar. 

We will find it convenient to use two lemmas in the development of the 
proof. 


Lemma 11.13(a) There is a cycle in F containing ug and Up. 


Proof of Lemma. Assume that there is no cycle in F containing uy and v. 
Then u, and v, lie in different blocks of F by Theorem 3.3. Hence, there 
exists a cutpoint w of F lying on every ug-v, path. We form the graph Fo 
by adding to F the lines wu, and wv, if they are not already present in F. 
In the graph Fo, uy and vo still lie in different blocks, say B, and B5, which 
necessarily have the point w in common. Certainly, each of B, and B, has 
fewer lines than G, so either B; is planar or it contains a subgraph homeo- 
morphic to K ; or K3,3. If, however, the insertion of wu, produces a subgraph 
H of B, homeomorphic to Ks or Ky 3, then the subgraph of G obtained by 
replacing wu, by a path from u, to w which begins with x, is necessarily 
homeomorphic to H and so to K, or Ky, 3, but this isa contradiction. Hence, 
B, and similarly B; is planar. According to Corollary 11.3(a), both B, and 
B, can be drawn in the plane so that the lines wu, and wu, bound the exterior 
region. Hence it is possible to embed the graph Fo in the plane with both 
wu, and wv, on the exterior region. Inserting xo cannot then destroy the 
planarity of Fg. Since G is a subgraph of Fo + Xo, G is planar; this contra- 
diction shows that there is a cycle in F containing uy and to. 


Let F be embedded in the plane in such a way that a cycle Z containing 
ug and v has a maximum number of regions interior to it. Orient the edges 
of Z in a cyclic fashion, and let Z[u, v] denote the oriented path from u to v 
along Z. If v does not immediately follow u on Z, we also write Z(u, v) to 
indicate the subpath of Z[u, v] obtained by removing u and v. 

By the exterior of cycle Z. we mean the subgraph of F induced by the 
vertices lying cutside Z, and the components of this subgraph are called the 
exterior components of Z. By an outer piece of Z, we mean a connected sub- 
graph of F induced by all edges incident with at least one vertex in some 
exterior component or by an edge (if any) exterior to Z mecting two ver- 
tices of Z. In a like manner, we define the interior of cycle Z, interior com- 


Ponent, and inner piece. 
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Fig. 11.11. The possibilities for nonplanar subgraphs. 


nearest to u, in the sense of encountering points of this inner piece on moving 
along Z from uy. Continuing out from uy, we can index the uo-v, separating 
inner pieces I5, I5, and so on. 

Let u, and uz be the first and last points of I, meeting Z(uo, vo) and v; 
and v, be the first and last vertices of I, meeting Z(vo, uo). Every outer piece 
necessarily has both its common vertices with Z on either Z[v3, u2] or 
Z[us, v2], for otherwise there would exist an outer piece meeting Z(uo, vo) 
at u, and Z(vo, uo) at v; and an inner piece which is both u,-v, separating 
and u,-v, separating, contrary to the supposition that the lemma is false. 
Therefore, a curve C joining v3 and u, can be drawn in the exterior region so 
that it meets no edge of F. (See Fig. 11.10.) Thus, I, can be transferred outside 
of C in a planar manner. Similarly, the remaining u,-v, separating inner 
pieces can be transferred outside of Z, in order, so that the resulting graph 
is plane. However, the edge xo can then be added without destroying the 
planarity of F, but this is a contradiction, completing the lemma. 


Proof of Theorem. Let H be the inner piece guaranteed by Lemma 11.13(b) 
which is both ug-vo separating and u,-v, separating. In addition, let 
Wo, Wo, Wi, and wj be vertices at which H meets Z(uo, vo), Z(vo, uo), Z(u;, v), 
and Z(v,, u,), respectively. There are now four cases to consider, depending 
on the relative position on Z of these four vertices. 


CASE 1. One of the vertices w, and w is on Z(uo, vo) and the other is on 
Z(vo, ug. We can then take, say, wa = w, and wọ = w^, in which case G 
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Y on 
CASE 3. w, = vo and wi, % uo. Without loss of generality, let wi ki If 
Z(uo, vo). Once again G contains a subgraph homeomorphic to "n on 
Wo is on (vo, 01), then G has a subgraph K; as shown in Fig. TENGE 110: 
the other hand, w% is on Z(v,, uo), there is a K, , as indicated in Fig. 1% 
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CASE4. w, = vo and w, = uo. Here we assume wọ =.4, and Wo d 
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to vo, and let P, be such a path from u, to vy. The paths Po and Fi n 6 


intersect. If Py and P, have more than one vertex in N 
contains a subgraph homeomorphic to K3,3, as shown in p 11.110) 
o 


therwise, G contains a subgraph homeomorphic to Ks as in Fig: 
a ved. 
Since these are all the possible cases, the theorem has been prO 
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Fig. 11.12. Nonplanarity of the Petersen graph. 
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of a new point w adjacent to those points to which u or v was adjacent. 
A graph G is contractible to a graph H if H can be obtained from G by a 
sequence of elementary contractions. For example, as indicated in Fig. 
11.12(a) and (b), the Petersen graph is contractible to K by contracting 
each of the five lines u,v, joining the pentagon with the pentagram to a new 
point w; A dual form of Kuratowski’s theorem (in the sense of duality in 
matroid theory) was found independently by Wagner [W2] and Harary 
and Tutte [HT3]. 


Theorem 11.14 A graph is planar if and only if it does not have a subgraph 
contractible to K5 or K3 3. 


We have just seen that the Petersen graph is contractible to K;. Since 
every point has degree 3, it clearly does not have a subgraph homeomorphic 
to Ks; Fig. 11.12(c) shows one homeomorphic to K3 3. 


OTHER CHARACTERIZATIONS OF PLANAR GRAPHS 


Several other criteria for planarity have been discovered since the original 
work of Kuratowski. We have already noted the “dual form” in terms of 
contraction in Theorem 11.14. Tutte's algorithm for drawing a graph in 
the plane may also be regarded as a characterization. 

Whitney [W12, W14] expressed planarity in terms of the existence of 
dual graphs. Given a plane graph G, its geometric dual G* is constructed 
as follows: place a vertex in each region of G (including the exterior region) 
and, if two regions have an edge x in common, join the corresponding 
vertices by an edge x* crossing only x. The result is always a plane pseudo- 
graph, as indicated in Fig. 11.13 where G has solid edges and its dual G* 
dashed edges. Clearly G* has a loop if and only if G has a bridge, and G* 
has multiple edges if and only if two regions of G have at least two edges in 
common, Thus, a 2-connected plane graph always has a graph or multi- 
graph as its dual, while the dual of a 3-connected graph is always a graph. 
Other examples of geometric duals are given by the Platonic graphs: the 
tetrahedron is self-dual, whereas the cube and octahedron are duals, as are 
the dodecahedron and the icosahedron. 


Fig. 11.13. A plane graph and its geometric dual. 
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Fig. 11.15. Combinatorial duals. 


the defining equation is satisfied. It is of course very difficult to check 
whether two graphs are duals using (11.3) since it involves verifying this 
equalion for every set Y of lines in G. 

As with geometric duals, combinatorial duals of planar graphs are not 
necessarily unique. However, if two graphs are combinatorial duals of 
isomorphic graphs, there is a one-to-one correspondence between their sets 
of lines which preserves cycles as sets of lines (that is, their cycle matroids 
are isomorphic). The correspondence x; e» y; of G* and H* in Fig. 11.14 
illustrates this. 3 4 

Whitney proved that combinatorial duals are equivalent to geometric 
duals, giving another criterion for planarity. 


Theorem 11.15 A graph is planar if and only if it has a combinatorial dual. 


Another criterion for planarity due to MacLane [M1] is expressed in 
terms of cyclic structure. 


Theorem 11.16 A graph G is planar if and only if every block of G with at least 
three points has a cycle basis Z;, Z5, ***, Zm and one additional cycle Zo 
such that every line occurs in exactly two of these m + 1 cycles. 


We only indicate the necessity, which is much easier. As mentioned 
in the proof of Theorem 11.1, all the interior faces of a 2-connected 
plane graph G constitute a cycle basis Zi, Z2, `+, Zm where m is the cycle 
rank of G. Let Zo be the exterior cycle of G. Then obviously each edge of 
G lies on exactly two of the m + 1 cycles Z;. 

To prove the sufficiency, it is necessary to construct a plane embedding 
of a given graph G with the stipulated properties. 


B RUE O iEE HR 
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All of these criteria for planarity are summarized in the fo l 
list of equivalent conditions for a graph G. | 


(1) Gis planar. 

(2) G has no subgraph homeomorphic to K ; or K3,3- 
(3) G has no subgraph contractible to K or K3,3- 

(4) G has a combinatorial dual. d 
(5) Every nontrivial block of G has a cycle basis Zi Za» "> Zm hes? 


additional cycle Zo such that every line x occurs in exactly tW | 
m + 1 cycles. 


GENUS, THICKNESS, COARSENESS, CROSSING NUMBER 


" [2t 
In this section four topological invariants of a graph G are € der a 
These are genus: the number of handles needed on a sphere a form © 
embed G, thickness: the number of-planar graphs required 1o bar 
coarseness: the maximum number of line-disjoint nonplanar E ] 
in G, and crossing number: the number of crossings there MUS m 
ás drawn in the plane. We will concentrate on three classes of grap yalue® 4 
plete graphs, complete bigraphs, and cubes—and indicate the 
these invariants for them as far as they are known. 


d 


Fig. 11.16. Embedding a graph on an orientable surfac”: K | 
| 


rie? 
As observed by Kónig, every graph is embeddible 0? so the "o 
surface. This can easily be seen by drawing an arbitrary grapa " nat 
Beh with edges that cross each other and then attaching "iy P j 
Ne each crossing and allowing one edge tO an ddin? eth 
i er under it. For example, Fig. 11.16 shows? 

in a plane to which one handle has been attached. Of conre, Kon 
often uses more handles than are actually required. 2 
showed that any embedding of a graph on an orientab d 
minimum number of handles has all its faces simply confes j 
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6 4 I 
Fig. 11.17. An embedding of K, on the Fig. 11.18. A toroidal embedding of 
torus. Kia. 


We have already noted that planar graphs can be embedded on a sphere. 
A toroidal graph can be embedded on a torus. Both K, and K, , are toroidal; 
in fact Figs. 11.17 and 11.18 show embeddings of K, and K4 , on the torus, 
represented as the familiar rectangle in which both pairs of opposite sides 
are identified. No characterization of toroidal graphs analogous to Kura- 
towski's Theorem has been found. However, Vollmerhaus [V6] settled a 
conjecture of Erdós in the affirmative by proving that for the torus as well 
as any other orientable surface, there is a finite, collection of forbidden 
subgraphs. 

The genus y(G) of a graph G is the minimum number of handles which 
must be added to a sphere so that G can be embedded on the resulting surface. 
Of course, y(G) = Oifand only if G is planar, and homeomorphic graphs have 
the same genus. 

The first theorem of this chapter presented the Euler characteristic 
equation, V — E + F = 2, for spherical polyhedra. More generally, the 
genus of a polyhedron* is the number of handles needed on the sphere for 
a surface to contain the polyhedron. Theorem 11.1 has been generalized 
to polyhedra of arbitrary genus, in a result also due to Euler. A proof may 


be found in Courant and Robbins [CR1]. 


Theorem 11.17 For a polyhedron of genus y with V vertices, E edges and 
F faces, 
V-E+F=2-2. (11.4) 
This equation is particularly useful in proving the easy half of the results 
to follow on the genus and thickness of particular graphs. Its corollaries, 
which offer no difficulty, are often more convenient for this purpose. 


* Fora combinatorial treatment of the theory of polyhedra, see Grúnbaum[G10]. 
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A s ; ce 
Corollary 11.17(a) If G is a connected graph of genus y in which every fa 
is a triangle, then ( 15) 

q = 3p — 2 + 2y); 
when every face is a quadrilateral, 


(119 
q = Ap — 2 + 2y). 


‘ons 
As mentioned in [BH2], it is easily verified from these two equatio 
that the genus of a graph has the following lower bounds. 


Corollary 11.17(b) If G is a connected graph of genus y, then | 


1 1 (117 
7 2 64 — Ap — 2); 
if G has no triangles, then 


72 da — 40 - 2) E 
. The determination of the genus of the complete graphs has beers D, 
interesting, difficult, successful struggle. In its dual form, it was Er D 
the Heawood Conjecture and stood unproved from 1890 to 19 a peet 
return to this aspect of the problem in the next chapter. There hav‘ tue 
many contributors to this result and the coup de grace, settling the coni 

in full, was administered by Ringel and Youngs [RY1]. 


Theorem 11.18 For p > 3, the genus of the complete graph is 


19) 
HK) = [EZ — 9 ü 
~ 12 i d puo 
1 The proof of the easier half of equation (11.9) is due to Heawoo 
t amounts to substituting 4(K,) into inequality (11.7) to obtain 
lfpy 1 (p - Mp — 4) 
y(K E Eo =n vom s 
Le els) ¿4-2 12 
Then since the genus of every graph is an integer, 
XK) > ee 4 
Th 12 Ken only nc! 
e proof that this expression is d for YKr ur 
: P also an upper boun 3 ple $” € 
accomplished by displaying an embed ding oF K, into an orienta ject in 


j 
of the indicated genus. W. iginally stated te show 
in 1890, he proved that bae Mant embe ding sh d 
Fig. 11.17, which triangulates the tolus i 1957 
" Heffter proved (11.9) in 1891 for p — 8 through 12 

ingel prove it for p = 13, At that Stage, it was realize S 
form, it was natural to try to settle the question for on? e 
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modulo 12 at a time. Writing p = 12s + r, Ringel (see [R10]) proved (11.9) 
in 1954 for all complete graphs K, with r = 5. During 1961-65, Ringel 
extended the result to r = 7, 10, and 3, and concurrently Youngs [Y1] with 
his colleagues Gustin, Terry, and Welch settled the cases r = 4, 0, 1, 9,6. In 
1967-68, Ringel and Youngs [RY1, 2] worked together to achieve appro- 
priate embeddings of K, for r = 2, 8, and 11. The isolated cases p = 18, 
20, and 23 remained unproved by these methods. The proof was completed 
by the Professor of French Literature at the University of Montpellier, 
named Jean Mayer, when he embedded K, for these three values of p, 
see [M6]. 

For complete bigraphs, the corresponding result is less involved, and 
was obtained by Ringel alone. Since inequality (11.8) applies to the graph 
Kinin We have 

1 1 (m — 2)(n — 2) 
UK m,n) > 41m — ; m +n-2)= A YS: 
The other inequality is demonstrated [R12] by displaying a suitable em- 


bedding of K m,n 
Theorem 11,19 The genus of the complete bigraph is 
(m — 2)(n — 2) 
UK mn) = [e 2 E (11.10) 


The gonus óf the cube was derived by Ringel [R13] and Beineke and 
. Harary [BH3]. For the graph Q,, we have p = 2" and q = n2"-!, so that 
by (11.8), 
XQ) = 1 + (n = 42775, 
proving the easier half of the next equation. 
Theorem 11.20 The genus of the cube is 
YQ.) = 1 + (n — 42775. (11.11) 
We now mention some more general considerations involving genus. 
It was shown in Battle, Harary, Kodarna and Youngs [BHKY1] that the 
genus of a graph depends only on the genus of its blocks, as anticipated in 
Theorem 11.2. 
Theorem 11.21 If a graph G has blocks B,, B5, - -- , B,, then 


NG) = X AB). (11.12) 


This result was generalized slightly by Harary and Kodama [HK1]. 
Recall from Theorem 5.8 that two (n +*1)-components of a graph have at 
most n points in common. 


Tite PUT 
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Theorem 11.22 Let an n-connected graph G be the union 
components B and C. Let 291577. Up be the set of 
the graph obtained by adding line vv; to G. If y( 
1<i<j<n,then 


of two (n + 1)- 
points of B ^ C. Call Gi 
G;j) = Y(G) + 1 whenever 


Y(G) = XB) + C) + n — 1. (11.13) 


0(K¿) > 2. Actually the thick- 
respect to thickness since OKy — x) = 2. 
Therefore 6(K,) = 2 for p = 5 to 8. Of course 0(G) = 1 if and only if G 
is planar. Since a maximal planar graph has 4 = 3p — 6 lines, it follows 


that the thickness 0 of any (p, q) graph has the bound, 
q 
2 —. 44 
02 PEG (11.14) 
This observation is useful in making conjectures about thickness and proving 
the easier half. 


The thickness of the complete graphs 


; was investigated in [BH5] and 
Beineke [B6]. Applying (11.14) to K, we find 


P(p — 1)/2 
eK) —— 
N= 9 =) 
Applying some algebraic manipulations, we obtain 


sos [fenes -9- (per 
3p — 2) SE; 
Theorem 11.23 Whenever p * 4 (mod 6), the thickness of the complete graph 
is 
aed 
AK, = =] (11.15) 
6 
unlessp = 9, 
. When p = 4 (mod 6), sometimes equation (11.15) holds and sometimes 
it doesn't. For Ko) = 3 z [2 


» but Hobbs and Grossman [HG1] 
22 into 4 = [22] planar subgraphs and 
d that 6(K,,) = 5 = ©]. Very recently, Jean Mayer 
nstructions Showing that 0(K34) = 6 and ((K,,) = 7. 
p) is not yet known is p = 16. It is 


l p = 4 (mod 6), and p > 46, that 
uh m thickness of complete bigraphs was studied in [BHM1] and Beineke 
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Theorem 11.24. The thickness of the complete bigraph is 


mn 
KK) = a) (11.16) 


except possibly when m < n, mn is odd, and there exists an integer k such 
that n = [2k(m — 2)/(m — 2k)]. 


Corollary 11.24(a) The thickness of K,, is [(n + 5)/4]. 
The corresponding problem for the cube was settled by Kleinert [K8]. 


Theorem 11.25 The thickness of the cube is 
nal 
0(0,) = yr Ie (11.17) 


P. Erdós (verbal communication) made a fortuitous slip, while trying 
to describe the concept of thickness. By speaking of the maximum number 
of line-disjoint nonplanar subgraphs contained in the given graph G, he 
first defined the coarseness ¿(G). Thus both thickness and coarseness involve 
constructions which factor a graph into spanning subgraphs (planar and . 
nonplanar respectively) in the sense of Chapter 9. Formulas for the coarse- 
ness of a complete graph are not as neat as those for other topological 
invariants. The reason is that K, , or a homeomorph thereof is a most 
convenient subgraph for coarseness constructions. This suggests the reason 
for the form of the next result due to Guy and Beineke [GB1]. Figure 11.19 
shows four line-disjoint homeomorphs of K, ; contained in K,,. 


Theorem 11.26 The coarseness of the complete graphs is given by 


8) (p = 3n < 15), 
E(K3n) = E 
(:) + [5] (p = 3n > 30), 
n n (11.18) 
Kad = (3) +23 (p = 3n+1> 19 
and p # 9r + 7), 


n 14n + 1 
(Kan+2) = () * al 


All of the values of ¿(K ,) are either known exactly from (11.18) or have the 


value given in Table 11.1 or 1 greater; see [GB1]. 
For the coarseness of the complete bigraph, the results of Beineke and 


Guy [BG1] are incomplete and involve many cases. 
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9 
y m 3 21 OS 7 & 3 $ 
0 4 EY 
| | | Ä 1 5 s 
1 2 3 9 84 5 um 1 : 
Fig. 11.19. Four nonplanar subgraphs of Kio. 


Theorem 11.27 The coarseness of the complete bigraph K 


ElK ar +a,3s+e) = rs + min (I8) Bi 


for d=00r1 


m,n Satisfies 


and e — Qor 1. 


Kara) = rg + B when r > 1, 


rs + min (5: El zz) 
UK art 2,3441) D com l rl [2s (11.19) 
rs + max (= | min (5) B) 


fo r>2s>7. 


IA 


IV 


(These are equal when r = 2s.) 


(Kart 23443) 
r 


39 


© three families of graphs; only 
itely €stablished. The Prevailing conjecture is that 
nd (11, * Several authors have deluded 
& they had Proved quality. For details, see Guy 

[G2] 
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Table 11.1 
CONJECTURED VALUES FOR ¿(K,) 


p 13 18 21 24 27 9n 4 7 


E(K,) 7 15 21 28 36 (9n? + 13n + 2)/2 


Theorem 11.28 The crossing number of the complete graph satisfies the 


inequality 
1 =1 -2 - 
KJ) « [pz ez ess] (11.20) 


Theorem 11.29 The crossing number of the complete bigraph satisfies the 


inequality 
m|imc-ilni[n—i1 
ESTES u 


T. Saaty showed that (1 1.20) is an equation for p < 10while D. Kleitman 
proved equality in (11.21) for m < 6. These are the only known values of 
v(K,) and v(K,,,,). For the cubes, no one has even conjectured what is y, 


t 


EXERCISES 


11.1 Ifa (p,, q,) graph and a (pz, q2) graph are homeomorphic, then 
Pı + Q2 = P2 + 4. 


11.2 Every plane eulerian graph contains an eulerian trail that never crosses itself. 
11.3 A 3-connected graph with p > 6 is planar if and only if no subgraph is homeo- 
morphic to K3,3. (D. W. Hall [H6]) 
*11.4 Every 4-connected planar graph is hamiltonian. (Tutte [T114}) 
11.5 Every 5-connected planar graph has at least 12 points. Construct one, 
11.6 There is no 6-connected planar graph. 
*1L7 If Gis a maximal plane graph in which every triangle bounds a region, then G is 
hamiltonian. (Whitney, Ann. Math., 32 (1931), 378-390.) 
11.8 Not every maximal planar graph is hamiltonian. (Whitney, same as above.) 
11.9 If, in a drawing of G in the plane, every pair of nonadjacent edges cross an even 


number of times, then G is planar. 
(R. L. Brooks, C. A. B. Smith, A. H. Stone, and W. T. Tutte) 


11.10 Prove or disprove: every connected nonplanar graph has Ks or Ki. asa 
Contraction. 
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11.11 P M i i T: i t most 
1 Prove or disprove: A graph is planar if and only if every subgraph with al 
E oints of degree at least 3 is homeomorphic to a subgraph of K 2 + Pa. 
SIX pi P 


isti interior 
11.12 Prove or disprove: The cycle basis of a plane graph consisting of the in 
tes always comes from a tree (cf. Chapter 4), 


2 E A ee 3. 
*11.13 Every triply connected planar graph hasa Spanning tree with maximum degr 


(Barnette [B3]) 


11.14 A plane graph is 2-connected if and only if its geometric dual is 2-connected. 


11.15 All wheels are self-dual, 


11.17 The following statements are equivalen 
(1) The line graph L(G) is outerplanar. N ‘ 
(2) The maximum degree A(G) < 3 and every point of degree 3 is a cutpoint. 
(3) The total graph T(G) is planar. 


[$ 


(Chartrand, Geller, and Hedetniemi 
11.18 A graph G other than <I> hasa 
of degree 3 is a cutpoint. 


11.19 A graph G has a ly if G is planar, A(G) < 4, and every 
Point of degree 4 is a Cutpoint. 


: A nonplanar graph G has y 
Planar for some line x. 
11.22 The arboricity of every planar Braph is at most 3. Const; 
arboricity 3, 


11.23 Every graph is homeomorphic to a graph with arbori 
thickness 1 or 2, 


= if and only if G — x is 
Tuct a planar graph with 


city 1 or 2, and hence of 
11.24 The skewness of G i 


s the minimum 
planar graph. Find the sk 


£wness of 
a) Kp b) Kum ©) Q,. 
11.25 If Gis Outerplanar Without triangles, then 


4 < (3p — 4)/2. 


: ina 
number of lines whose removal results in 


(A. Kotzig) 


1126 IfGisa graph such that for 
paths of length greater than 1 join 
8) G is planar. 
b) q < 2p —2. 


«+ disioilit 
any two points, there are at Most two point-disjoin 
ing them, then 


€) If G is nonseparable and p > 5, then there is a unique hamiltonian cycle. 


(Tang [T2]) 
11.27 Embed the cube Q, on the Surface of a torus: 
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11.28 The genus y of any graph G with girth g has the lower bound 
1 2 ] 
7Zzz|[1--]a- (p - 2) |. 
y2 ll A (p | 
(Beineke and Harary [BH2]) 


*11.29 (Kann) = ( E » (G. Ringel) 


11.30 If G, and G; are homeomorphic, then ¿(G,) = &G,) and v(G,) = v(G;). 
11.31 The maximum number of line-disjoint X, , subgraphs in K m,n is 


-EEIE 


Thus for all n, 


(Beineke and Guy [BG1]) 


CHAPTER 12 


COLORABILITY 


Suppose there's a brown calf and a big brown dog, 


and an artist 
is making a picture of them . ^ 


- He has got to paint them so you can 
tell them apart the minute you look at them, hain't he? Of course. 

Well, then, do you want him to go and paint both of them brown? 
Certainly you don't. He paints one of them blue, and then you can't 


make no mistake. It’s just the same with maps. 
That's why they make every state a different color. . - 


SAMUEL CLEMENS (MARK TWAIN) 


The Four Color Conjecture (4CC) can truly be renamed the *Four Color 
Disease" for it exhibits so many properties of an infection, It is highly 
contagious. Some cases are benign and others malignant or chronic. There 
is no known vaccine, but men with a sufficiently strong constitution have 
achieved life-long immunity after a mild bout. It is recurrent and has been 


known to cause exquisite pain although there areno terminal cases on record. 
At least one case of the dise, 


c ase was transmitted from father to son, so it 
may be hereditary, 


signment of colors to its points so that no two 
me color. The 
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1 2 2 3 2 3 

2 1 1 D 1 4 

1 2 3 1 3 2 
(a) (b) (e) 


Fig. 12.1. Three colorings of a graph. 


number x(G) is defined as the minimum n for which G has an n-coloring. 
A graph G is n-colorable if x(G) < n and is n-chromatic if x(G) = n. 

Since G obviously has a p-coloring and a x(G)-coloring, it must also 
have an n-coloring whenever y(G) < n < p. The graph of Fig. 12.1 is 
2-chromatic; n-colorings for n — 2, 3, 4 are displayed, with positive integers 
designating the colors. 

The chromatic numbers of some of the familiar graphs are easily 
determined, namely x(K,) = p, (K, — x) = p — 1, X(K,) = 1, (K,,) = 2, 
MC an) = 2, X(Con+1) = 3, and for any nontrivial tree T, XT): 2, 

Obviously, a graph is 1-chromatic if and only if it is totally disconnected. 
A characterization of bicolorable (2-colorable) graphs was given by Kónig 
[K10, p. 170], as Theorem 2.4 already indicates. 


Theorem 12,1 A graph is bicolorable if and only if it has no odd cycles. 


It is likely to remain an unsolved problem to provide a characterization 
of n-colorable graphs for n > 3, since such a criterion even for n = 3 would 
help to settle the 4CC. No convenient method is known for determining the 
chromatic number of an arbitrary graph. However, there are several known 
bounds for x(G) in terms of various other invariants. One obvious lower 
bound is the number of points in a largest complete subgraph of G. We now 
consider upper bounds, the first of which is due to Szekeres and Wilf [SW1]. 


Theorem 12.2. For any graph G, 
x(G) € 1 + max ö(G'), (12.1) 
where the maximum is taken over all induced subgraphs G' of G. 


Proof. The result is obvious for totally disconnected graphs. Let G bean arbi- 
trary n-chromatic graph, n > 2. Let H beany smailest induced subgraph such 
that y(H) = n. The graph H therefore has the property that (H — v) = n — 1 
for all its points v. It follows that deg v > n — 1 so that 9(H) > n — 1 and 
hence 

n— 1 < ö(H) < max ö(H') x max ó(G”), 


the first maximum taken over all induced subgraphs H' of H and the second 
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over all induced subgraphs G' of G. This implies that 


x(G) =n € 1 + max 5G’). 


E : ne 
Corollary 12.2(a) For any graph G, the chromatic number is at most o 
greater than the maximum degree, 


1SIFA (12.2) 


Brooks [B16] showed, however, that this bound can often be improved. 


Theorem 12.3 If A(G} =n > 2, then G is n-colorable unless 


i) n = 2and G hasa component whi 


ch is an odd Cycle, or 
ii) n > 2 and K 


n+1 18 a component of G. 
A lower bound, noted in 

an upper bound, Harary an 

pendence number Bo of G. 


Berge [B12, 


P. 37] and Ore [O5, p. 225], and 
d Hedetniem 


i [HH1], involve the point inde- 
Theorem 12.4 For any graph G, 


P/Bo S x € p — f, +1. 123) 
Proof. If X(G) = n, then V can be partitioned into n color classes Vis Va co? 
Ve each of which, as noted above, is an independent set of points. If|V] = Pr 
then every p, < Bo so that p = x Pi < nfo: f, 

To verify the upper bound, let S be à maximal independent set containing 
Bo points. It is clear that j(G — 5) 2 x(G) — 1. Since G — S has p — Bo 
Points, (G — S) < p — 


Bo. Therefore, x(G) < x(G — S) +1 <p- Bot ; 

None of the bourtis Presented here is particula. 
that for any bound and for Every positive integer n, 

such that y(G) differs from the bound by more than n. 


From the disc l be led to believe that 
all graphs with lar ques and hence contain 
graph with no triangle 

answered affirmative 
and independently by [D3], Mycielski [M19], an 
eir result was extended by 


tly good in the sense 


3 nis 
* This so-called lady is actually a nonempty subset of (Brooks, Smith Stone, Tutte}; in thi 
case {Tutte}. E 
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Theorem 12.5 For every two positive integers m and n, there exists an n- 
chromatic graph whose girth exceeds m. 


The number z = X(G) = x(G) is the minimum number of subsets which 
partition the point set of G so that each subset induces a complete subgraph 
of G. It is clear that z(G) > fjj(G). Bounds on the sum and product of the 
chromatic numbers of a graph and its complement were developed by 
Nordhaus and Gaddum [NG1]. 1 


Theorem 12.6 For any graph G, the sum and product of y and 7 satisfy the 
inequalities : 


2yp<x+tX<pH+l, (12.4) 
£ + 1Y 
pss (13). (12.5) 


Proof. Let G be n-chromatic and let Vj, Vz, : : +, V, be the color classes of G, 
where |V] = pi Then of course X p; = p and max p; > p/n. Since each V, 
induces a complete subgraph of G, x > max p, > p/n so that yz > p. Since 
the geometric mean of two positive numbers never exceeds their arithmetic 
mean, it follows that y + x > 2. / p. This establishes both lower bounds. 

To show that y + z € p + 1, we use induction on p, noting that 
equality holds when p = 1. We thus assume that x(G) + X(G) < p for all 
graphs G having p — 1 points. Let H and H be complementary graphs 
with p points, and let v bea point of H. Then G = H — vandG = H — v 
are complementary graphs with p — 1 points. Let the degree of v in H 
be d so that the degree of v in H is p — d — 1. It is obvious that 


1H) < x(G) + 1 and UA) € XG) + 1. 


If either - 
AH) <7(G)+1 or  XxH)«xG)-1, 


then 4(H) + Z(H) € p + 1. Suppose then that x(H) = x(G) +1 and 
X(H) = 7(G) + 1. This implies that the removal of v from H, producing G, 
decreases the chromatic number so that d > x(G). Similarly 


p=d=1> XG); 
thus 7(G) + 7(G) € p — 1. Therefore, we always have 
XH) + XH) € p 4 1. 
Finally, applying the inequality 4x2 < (x + 3)* we see that 
xx < [lo + DAY. 
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THE FIVE COLOR THEOREM 


Although it is not known whether all planar graphs are 4-colorable, they 
are certainly 5-colorable. In this Sectio 


n We present a proof of this famous 
result due to Heawood [H38]. 


Theorem 12.7 Every planar graph is 5-colorable. 


ains a vertex p 
v is S-colorable. 


colored Cir ER 


he vertex adjacent with 


Let G, denote the 
€, ores. If v, and v3 bel 
of G — v may be acco 
in the component of G 
vertex adjacent with v ¡ 
5-coloring of G results, 

If, on the other hand, v 
then there exists in G 
colored c, or C3. 
which necessarily 


y Ia 
x nging the colors of the vertice 
13 Containing D. i 


o 
-coloring, however, N 


$ colored c, so by coloring v with the color ci 2 


; and v, belong to the same component of Gi» 

fe „Path between vı and v, all of whose vertices are 
This path together With the path p, pp. produces a cycle 
DE ihe Vertex v, or both the vertices va and vs. In aDY 
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case, there exists no path joining v; and v4, all of whose vertices are colored c; 
or cy. Hence, if we let G24 denote the subgraph of G — v induced by the 
vertices colored c; or c4, then v; and v, belong to different components 
of G4. Thus if we interchange colors of the vertices in the component of 
G,, containing vz, a 5-coloring of G — v is produced in which no vertex 
adjacent with v is colored c;. We may then obtain a 5-coloring of G by 
assigning to v the color c;. 


THE FOUR COLOR CONJECTURE 


In Chapter 1 we mentioned that the 4CC served as a catalyst for graph 
theory through attempts to settle it. We now present a graph-theoretic 
discussion of this infamous problem. A coloring of a plane map G is an 
assignment of colors to the regions of G so that no two adjacent regions are 
assigned the same color. The map G is said to be n-colorable if there is a 
coloring of G which uses n or fewer colors. The original conjecture as 
described in Chapter 1 asserts that every plane map is 4-colorable. 


Four Color Conjecture (4CC) Every planar graph is 4-colorable. 


We emphasize that coloring a graph always refers to coloring its vertices 
while coloring a map indicates that it is the regions which are colored! 
Thus the conjecture that every plane map is 4-colorable is in fact equivalent 
to this statement of the Four Color Conjecture. To see this, assume the 
4CC holds and let G be any plane map. Let G* be the underlying graph of 
the geometric dual of G. Since two regions of G are adjacent if and only 
if the corresponding vertices of G* are adjacent, map G is 4-colorable 
because graph G* is 4-colorable. 

Conversely, assume that every plane map is 4-colorable and let H be 
any planar graph. Without loss of generality, we suppose H is a connected 
plane graph. Let H* be the dual of H, so drawn that each region of H* 
encloses precisely one vertex of H. The connected plane pseudograph H* 
can be converted into a plane graph H' by introducing two vertices into each 
loop of H* and adding a new vertex into each edge in a set of multiple edges. 
The 4-colorability of H' now implies that H is 4-colorable, completing the 
verification of the equivalence. 

If the 4CC is ever proved, the result will be best possible, for it is easy 
to give examples of planar graphs which are 4-chromatic, such as K, and 
W, (see Fig. 12.3). 

Each of the graphs K4 and W, has more than 3 triangles, which is 
necessary according to a theorem of Grünbaum [G9]. 


Theorem 12.8 Every planar graph with fewer than 4 triangles is 3-colorable, 


From this the following corollary is immediate; it was originally proved 
by Grótzsch [G8]. 
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Ky: Wo: 


Fig. 12.3. Two 4-chromatic planar Braphs. 


Theorem 12.9 The Four Color 


Conje 
bridgeless plane map is 4. 


cture holds if and only if every cubic 
Colorable, 


Move v, identify 4 
2ina Copy of the graph K, ~ x and identify 
tex of degree 2 in K 


X. Observe that each new 
add Tee 3 (see Fig, 124). If G contai 
^ 2 4 incident with edges x x 


the new edges y 

has degree 3. 
Denote the resultin 

hypothesis, is 4-colorable. If 


—— 


105 0303, - 2D, 
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After 


x be 


deg vo=n>4 


Fig. 12.4. Conversion of a graph into a cubic graph. 


identify all the newly added vertices associated with v in the formation of 
^ we arrive at G once again. Thus let there be given a 4-coloring of G'. 
The aforementioned contraction of G' into G induces an m-coloring of G, 


m S 4, which completes the proof. 
Another interesting equivalence was proved by Whitney [w16]. 


Theorem 12.10 The Four Color Conjecture holds if and only if every 


hamiltonian planar graph is 4-colorable. 


e Four Color Conjecture involving the 


As ivalents of th 
DEAS e an equivalent of the 4CC concerned 


Coloring of regions, so too is ther 


With A 5 
N En G is an assignment ofcolors to its lines so that 

ÑO two adjacent lines are assigned the same color. An n-line-coloring of G 
IS à line-coloring of G which uses exactly n colors. The line-chromatic 
Number* y'(G) is the minimum n for which G has an n-line-coloring. It follows 
that for any graph G which is not totally disconnected, y (G) = x(L(G).. 
ight bounds on the line-chromatic number were obtained** by Vizing [V4]. 
Theorem 12.11 For any graph G, the line-chromatic number satisfies the 


Inequalities: 
AP persa art (12.6) 
Qa 
, Sometimes called the chromatic index. 
d in Ore [O7. P- 248]. 


Proof in English can be foun 
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X-^ X=A+l 


Fig. 12.5. The two values for the line-chromatic number. 


The two possible values for y'(G) are illustrated in Fig. 12.5. It is not 
known in general for which graphs y = A, 
Theorem 12.12 The Fou 


r Color Con 
for every bridgeless cub 


jecture is true if and only if x(G) = 3 
ic planar graph G. 


i 9 that the 4CC is equivalent 
to the statement that ic bridgeless plane map is 4-colorable. We 


“colorable. For the set of colors We 
group F, where addition in F is define 
1 +k = k, with ko the identity element. 

a 4-coloring of the map G. We define the color of an 


he colors Of the two distinct regions which are incident 
W immediate that t 


he edges are colored with elements 
of the set {k,, ky, k3} and that NO two adjacent : same 
color; thus y(G) = 3, Jacent edges are assigned the 
Conversel 


a 
1 does not pass pors 
T4 to be the oft 
edges which Intersect C, Sum of the colors 


€» Ca, ** *, €, be the colors of 
dy, d}, d, be the colors o 
c(v) denotes the sum of the c 
then c(v) = ko. Hence for all 
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other hand, we also have 


Y cv) = e, + ep to Fn + 2s + da 000 4 dp) 
Zen HK tiie Cm 


inverse. Thus c, + C2 +*** + C, = ko. It 


since every element of F is self- 
this constitutes a 4-coloring of the regions 


is now a routine matter to show that 
of G, completing the proof. 

Since each line color class resu 
graph G of degree n is a 1-factor of G, the 
equivalent of the Four Color Conjecture. 
or Conjecture holds if and only if every 
1-factorable. 


alized in terms of factorization (see Ore 


Iting from an n-line coloring of a regular 
preceding result produces another 


Corollary 12.12(a) The Four Col 
bridgeless, cubic planar graph is 


Theorem 12.12 has been gener 
[O7, p. 103]. 
Theorem 12.13 A necessary and sufficient condition that a connected planar 
map G be 4-colorable is that G be the sum of three subgraphs G,, G5, G3 such 
that for each point v, the number of lines of each G; incident with v are all 


€ven or all odd. 


Although it is the 4CC whi 
there are several other conject e 
Interesting of these involves contractions 


ch has received the preponderance of publicity, 
ures dealing with coloring. One of the most 
and is due to Hadwiger [H1]. 


Hadwiger's Conjecture. Every connected n-chromatic graph is contractible 


to Ka 
isi is conj i he 4CC. Hadwiger’ 

Not surprisingly, this conjecture 1S related to tl ger's 
Conjecture WEE. to be true for n = 4a result of Dirac [D5]. For ness 
this conjecture states that every 5-chromatic graph G is contractible to K;. 
By Theorem 11.14, every such graph G is necessarily nonplanar. Thus 
Hadwiger's Conjecture for n=5 implies the ACC. The converse was 
established by Wagner [w3]. 


Theorem 12.14. Hadwiger’s Conjecture forn=5ise 
Color Conjecture. 


quivalent to the Four 


THE HEAWOOD MAP-COLORING THEOREM 

Let S. be the orientable surface of genus n; thus, S, is topologically equivalent 
eh B id E ms m dles. The chromatic number of S, denoted 7(S,), is the 
maximum chromatic number among all graphs which can be embedded 
On $, The surface So is simply the sphere and the determination of x(S) 
is the problem we hate already encountered on several occasions. The Four 
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: (So) = 
Color Conjecture states that X(So 
(by Theorem 12.7) that 7(So) is 4 or 5. 


For the torus, Heawood [H38] was able to Prove that 7(S,) = 7. us 
inequality y(S,) > 7 follows from the fact that it is possible to Eis 2 
on the torus. This is shown in Fig, 11.17. The equality x(S,) = 7 comes eut 
the fact that Heawood was also able to prove (see the proof of Theorem 12. 


below) that the chromatic number of the orientable surface of positive 
genus n has the upper bound 


4 although, of course, we know only 


(n > 0). (12.7) 


Proved that y(K 


Ringel and Youngs 
») = ((p — 3p — 4)/12), Theorem 11. 
conjecture, 


18, they settled this 


Theorem 12.15 (Heaw 


ood Map-Colorin 
integer n, the chro 


& Theorem). 
matic number of t 


For every positive 


he orientable surface of genus n is 
given by 
TAS 
xS) = [oe Eg (aS 0) (12.8) 
Proof. We first Prove inequality (12 N). Let G be a (P. q) graph embedded 
on S,. We may assu 


(12.10) 
Since d « P — 1, this gives the inequality 

pcm D/p + 6. (12.11) 
Solving for p and taking the positive TOOL, We obtain 

p> (ee (12.12) 
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Let H(n) be the right-hand side of (12.8). Then we must show that 
H(n) colors are sufficient to color the points of.G. Clearly if p — H(n) we 
have enough colors. If, on the other hand, p > H(n) we substitute H(n) for 
p in (12.10), to obtain the inequality 

de 12(n — 1)/H(n) + 6 = Hin) = 1 


With the latter equality obtained by routine algebraic manipulation. Thus 
When p > H(n) there is a point v of degree at most H(n) — 2. Identify v 
and any adjacent point (by an elementary contraction) to obtain a new 
graph G. If pp =p—1= H(n), then G' can be colored in H(r) colors. 
Y p' > H(n), repeat the argument. Eventually an H(n)-colorable graph will 
be obtained. It is then easy to see that the coloring of this graph induces a 
coloring of the preceding one in H(n) colors, and so forth, so that G itself 
1s H(n)-colorable. ` 

The other half of the theorem is the difficult part, but Ringel and Youngs 
have provided the means. If the complete graph K, can be embedded in 


Sr then by equation (11.9), 
fe -3P = 9. (12.14) 


(12.13) 


n > y(K,) = 12 
satisfying Eq- (12.14), we have 


e S RIS FEE CR RN 


Setting p to be the largest integer 

(p = 3p - 4 

p — 3p — -3€p- 9 
Merl 


— 


12 


Solving for p we find 
7 4/1 + 48n 
sa A <ps 


Ne I, 
j 2 
So 
u | (12.15) 
N x u found a graph with genus n and chromatic 
Since y(K,) = p, We have that H(n) is a lower bound for x(S,) and 


nu H 
Mber equal to H(n). This shows n = 0 is precisely the 4CC. 


Completes the proof. Note: (12.8) specialized to 


UNIQUELY COLORABLE GRAPHS 
Let G be a labeled graph. Any (G)-coloring of G induces a partition of the 
Point set of G into (6) color classes: If x(G) A a En Vu n ofG 
induces the same partition of V, then G is © rp P dee or 
Simply uniquely colorable. The graph G e m A PCR 
Since every 3-coloring of as the DNA Gh a rina US 
* pentagon is not uniquely 3-colorable; 10 eed, ent partitions 
Fits point set are possible. 
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uy 


Us uz 


Fig. 12.6. A uniquely colorable graph. 

We begin with a few elementar 
colorable graphs. First, in any n 
every point v of G is adjacent wi 


y observations concerning uniquely 
-coloring of a uniquely n-colorable graph G, 


th at least one point of cvery color different 
from that assigned to v; for otherwise a different n-coloring of G could be 


obtained by recoloring v. This further implies that é(G 2»n—1. A 


necessary condition for a graph to be uniquely colorable was found by 
Cartwright and Harary [CH2]. 


Theorem 12.16 In the n-colorin 


g of a uniquely n-colorable graph, the 
subgraph induced by the union 


of any two color classes is connected. 
Proof. Consider an n-coloring of a uniquely n 
Suppose there exist two color classes of G, say C, and C,, such that the 
subgraph S of G induced by C, U C; is disconnected, Let S, and S, be two 
Components of $. From our earlier remarks, each of S, and S, must contain 
Points of both C, and C2. An n-coloring different from the given one can 
now be obtained if the color of the points in C, a § 1 is interchanged with 
the color of the points in C; 0 $1. This implies that G is not uniquely 
n-colorable, which is a contradiction. 
\ 

The converse of Theorem 12.16 is not true, h 
with the aid of the 3 
that in any 3-colorin 
Classes is connected, 

From Theorem 12.16, it now follows that ever 


{ Y uniquely n-colorable 
graph, n > 2, is connected. However, a stronger result can be given, due 
to Chartrand and Geller [CG1]. 


-colorable graph G, and 


Fig. 12.7. A counterexample to the converse of Theorem | 2.16. 
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en G se neither complete nor (n = 1)-connected so that there exists a set U 
e — 2 points whose removal disconnects G. Thus, there are at least two 
ll a colors, say €, and cz, not assigned to any point of U. By Theorem 
o " a point colored c, is connected to any point colored c, by a path all 
ose points are colored c, or cz. Hence, the set of points of G colored 

a Fete lies within the same component of G — U, say G,. Another n- 
ES oring of G can therefore be obtained by taking any point of G — U which 
TP in G, and recoloring it either c, or c2. This contradicts the hypothesis 

at G is uniquely n-colorable; thus G is (n — 1)-connected. 

Since the union of any k color classes of a uniquely n-colorable graph, 

2 < k < n, induces a uniquely k-colorable graph, we arrive at the following 


Consequence. 


uniguely n-colorable graph, the 


Corollary 12.17(a) In any n-coloring of a 
color classes, 2 < k € n, is 


subgraph induced by the union of any k 
k — 1)-connected. 


-chromatic graphs containing no triangles ; 


indeed we have seen in Theorem 12.5 that for any n, there exist n-chromatic 


Braphs with no triangles and hence no subgraphs isomorphic to K,. In this 
Connection, a stronger result was obtained by Harary, Hedetniemi, and 


Robinson [HHR1]. 


It is easy to give examples of 3 


Theorem 12.18 For all n > 3, there is a uniquely n-colorable graph which 


Contains no subgraph isomorphic to K,. 


Fig. 12.8 illustrates the theorem. 

ly 1-colorable if and only if it is 1-colorable, 
also well known that a graph G is uniquely 
hromatic and connected. As might be 
uniquely n-colorable graphs, n = 3, is 


For n = 3, the graph G of 

b. Naturally, a graph is unique 
2 at is, totally disconnected. It is 
-colorable if and only if G is 2€ 
Expected, the information concerning 


niquely 3-colorable graph having no triangles. 


Fig. 12.8. Au 
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can be 
. In the case where the graphs are planar, however, more 

said MERGER in view of the Five Color Theorem, we need to consider only 
‘he values 3 <n < 5. The results in this area are due to Chartrand and 
Geller [CG1]. d 


Theorem 12.19 Let G be a 3-chromatic plane graph. If G contains a acu 

T such that for each vertex v of G there isa sequence TT. 1,521.90 

triangles with v in Tẹ, such that consecutive triangles in the sequence have 

an edge in common, then G is uniquely 3-colorable. 
The next result is now immediate. 


Corollary 12.19(a) If a 2-connected 3-chromatic plane graph G has at most 
one region which is not a triangle, then G is uniquely 3-colorable. 


The converse of Corollary 12.19(a) is not true, for a uniquely 3 
planar graph may have more than one region which is not a tri 
Fig. 12.9. However, every uni 
‘triangles. 


-colorable 
angle; see 
quely 3-colorable planar graph must contain 


Fig. 12.9. A uniquely 3-colorable planar graph. 


Theorem 12.20 If G is a uniquely 3 


-colorable planar graph with at least 4 
points, then G contains at least tw 


o triangles. 
In the case of uniquely 4-colorable planar graphs, the situation is 
particularly simple. 


Theorem 12.21 Every uniquely 4-colorable planar 


Proof. Let there be givena 4-coloring ofa uniquely 4-colorable planar graph 
G with the color classes denoted by V, 


1 < i < 4 where |y] = p;. Since the 
subgraph induced by Vo V, iz j, is connected, G must have at least 
X(p, + pj — 1) lines, 1<i< j <4. However, this sum is obviously 
3p — 6. Hence q > 3p — 6 and so by Corollary 11.1(b), G is maximal 
planar. 

Although the existence of a 
result of Hedetniemi given in [C 
ability; its proof is similar to th 


graph is maximal planar. 


5-chromatic planar 
G1] settles the prob] 
at of the preceding th, 


graph is still open, à 
em for unique 5-color- 
corem. 

Theorem 12.22 No planar graph is uniquely 5-colorable, 
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If the Four Color Conjecture is not true, then there must exist a smallest 
5-chromatic planar graph. Such a graph G has the property that for every 
Pont D, the subgraph G — vis4-chromatic. Thus we havea natural approach 
i a possible proof of the 4CC in its contrapositive formulation. This suggests 

€ basic problem of investigating such 5-chromatic graphs G or, more 
generally, thosen-chromatic graphs G with the property thaty(G —v)=n= 1 
for all points v of G. 

Following Dirac [D5], a graph G is called critical* if x(G — v) < x(G) 
for all points v; if y(G) = n, then Gis n-critical. Of course, if G is critical, then 
X(G — v) = x(G) — 1 for every point v. 

Obviously, no graph is 1-critical. The only 2-critical graph is K,, while 
the only 3-critical graphs are the odd cycles. For n > 4, the. n-critical 
Braphs have not been characterized. 

Ordinarily, it is extremely difficult to determine whether a given graph 
is critical; however, every n-chromatic graph, n > 2, contains an n-critical 
Subgraph. In fact, if H is any smallest induced subgraph of G such that 
XH) = X(G), then H is critical. 


It is clear that every critical graph G is connected ; furthermore, since 


x(G) = max x(B) over all blocks B of G, it follows that G must be a block. 
is is only one of several properties which critical graphs enjoy. 
The next statement has already been demonstrated within the proof 


Of Theorem 12.2. 


Theorem 1223 If G is an n-critical graph, then ôG) z n — 1. 


We now make an observation on the removal of points. 


Theorem 1224 No critical graph can be separated by a complete subgraph. 


Corollary 12.24(a) Every cutset of points of a critical graph contains two 
‚ 9nadjacent points. 

rU c WK,) AK, - U) = 
r, it is always possible to 
thout decreasing the chromatic number by 
dependent set of points of an n-critical 
further implies that if u and v are any 


graph G which is not complete, there 
the same color class and an 


s critical; indeed fo 


Every complete graph i 
] graph, howeve! 


race For any other critica 
more € more than one point with 
Hebe one; in fact, if S is any IN 
two ‚then x(G — S) =n — 1. This 
exist, 2 adjacent points of an 

àn n-coloring of G such 
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One area of research on critical graphs deals with cycle length, in par! E 
ular with circumference and girth. By Theorem 12.23 and Coroilary 7.3(b), 1 
G is an n-critical graph with p points such that p < 2n — 2, then G is 
hamiltonian. More generally, Dirac [D6] proved the following result. 


Theorem 1225 If G is an n-critical graph, n > 3, then either G is hamiltonian 
or the circumference of G is at least 2n — 2. 


Dirac [D6] once conjectured that every 4-critical graph is hamiltonian; 
however, Kelly and Kelly [KK1] showed this conjecture is not true. Dirac 
[D6] also conjectured that for all m and n, n > 3, there exists a sufficiently 
large value of p such that all n-critical graphs with at least p points have 
circumference exceeding m. Kelly and Kelly proved this to be true. It LENS 
consequence of Theorem 12.5 that for all m and n, there exists an n-critical 
graph whose girth exceeds m. 

A critical graph G may have the added 
x(G — x) = x(G) — 1;in Such a case, G is c; 
G is n-line-critical. Although every line 
points is necessarily critical, the converse 
graph G of Fig. 12.10 is 4-critical but is no 


Property that for any line x of G; 
alled line-critical, and if (G) = " 
-critical graph without isolated 
does not hold. For example, the 


x 


ical graphs is also Possessed by line-critical 
More can be said about the latter. 


Proof. Let x be any line of G, and consider G — y. Certainly, 5(G — X) = 
n — 2,and, moreover, for every induced subgraph G’ ofG — y 3(G’) < n — 
Thus by Theorem 12.2, (G — x) <n — 1, implying that (G — x) = n — 
and that G is n-line-critical, 4 

According to Theorem 12.23, if G is an n-criti 2q 2 

o Theor > cal graph, then 44 7 

(n — 1)p. For line-critical graphs, however, Dirac [D7] provea this 
result. 


Theorem 12.27 If G is an n-line- 
which is not complete, then 


critical graph without isolated points, n Z i 


24 > (n — 1)p 4 n — 3. 
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boron to consider only connected graphs in this section. An 
ni ThE homomorphism of G is an identification of two nonadjacent 
TG e A omomorphism of G is a sequence of elementary homomorphisms. 
TA en A graph resulting from a homomorphism $ of G we can consider $ 
and do ction from Y; onto V' such that if u and v are adjacent in G, then du 
lite or d adjacent in G'. Note that every line of G' must come from some 
inl , that is, if u' and v' are adjacent in G’, then there are two adjacent 
ihor ER and vin G such that $u = wand dv = v'. We say that $ is a homo- 
ne ismofG onto G', that G'isa homomorphic image of G,and write G' = 4G. 
p x An particular every isomorphism is a homomorphism. The path 
4 has just 4 homomorphic images, shown in Fig. 12.11. 


gg —À —s—— 0 BER. 
e—— ——9————2 e-———e 
Fig. 12.11. The homomorphic images of path P4. 


A homomorphism $ of G is complete of order nif $G = K,. Note that 
K, corresponds to an n-coloring of G since 


lorsand by definition ofhomomorphism 


a two points of G with the same color are adjacent. 
complete homomorphism has the property that for any two colors, there 
are adjacent points uand v of G colored with these colors. In this case we have 
a complete coloring. Figure 12.12 shows a graph with complete colorings 
T order 3 and 4, where colors are indicated by positive integers. Obviously 
€ smallest order of all complete homomorphisms of G must be x(G). 
The next theorem [HHP1] generalizes an earlier result due to Hajós 


[ 3] which appears as its corollary. 
Theorem 12.28 For any graph G and any elementary 
x(G) < (eG) < 1 + x(6). 


homomorphism £ of G, 
(12.16) 


1 4 


3 
rings of a graph. 


Fig. 12.12. Two complete colo: 


144 COLORA3ILITY 


Proof. Let e be the elementary homomorphism of G which identifies um 
nonadjacent points u and v. Then any coloring of G yields a coloring ott 
when the same color is used for u and v, so x(G) < x(£G). On the other han Jd 
a coloring of eG is obtained from a coloring of G when the new point is given 
a color different from all those used in coloring G, so that x(eG) < 1 + x(G)- 


Corollary 12.28(a) For any homomorphism $ of G, x(G) < x(6G). 
It is now natural to consider the 
morphisms of G. This invariant is call 


W(G). Since at most p colors can b 
Neither of these inequalities is a 


maximum order of all complete homo- 
ed the achromatic number and is denoted 
€ used, it is obvious that (G) < (G) < P- 
particularly good bound for y. 


Theorem 1229. For any graph G and any elementary homomorphism e of G, 
WG) — 2 < VG) < Wo), (12.17) 


The example in Fig. 12.13 shows that the lower bound can be attained, 
and hence is best possible. It is easy to verify that Y(G) = 5 while y(eG) = 3- 


v 


Fig. 12.13. A homomorphism which decreases Y by 2. 


The next result, called the Homomorphism Interpolation Theorem in 
[HHP1] depends quite strongly on the bounds given in (12.16). 
Theorem 12.30 For any graph Ga; 
complete homom ph 


: nd any integer n between y and y, there is 2 
ism (and h 


ence a complete coloring) of G of order n. 
Proof. Let V(G) — t and let 


d à a $ bea homomorphism of G onto K,. If $ is 
Just an isomorphism, then G is K, and x(G) = y(G). Otherwise, we can write 

= En Ene: where each e, ¡san omomorphism. Let G, = £16 
Gz = 6G, K, = Gp = EmGm-1. We know from (12.16) that AG) = 
XGj) + 1 for each i, Since y(G,,) = WG), it follows that for each n with 
UG)<n<t= WG), there exists One graph in the sequence (G,), say Gs 
with chromatic num 


bern. But th 


en G, has a complete homomorphism & 
of order n, and so Pe: 


"EzE isa homomorphism of G onto K,. 


Many upper bounds for X(G) are also bounds for V(G). As an example. 
we extend the upper bounds in (12.3) and (12.4), as in [HH1]. 
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Theorem 12.31 For any graph G, 


V+z3<p+l (12.18) 
The next result follows from (12.18) and the fact that 7 > Bo- 
Corollary 12.31(a) For any graph G, 
(12.19) 


y<p=Po+1. 
‚This inequality can also be proved directly using the proof of (12.3), 
Which it sharpens. 


THE CHROMATIC POLYNOMIAL 

The chromatic polynomial ofa graph was introduced by Birkhoff and Lewis 

[BL1] in their attack onthe4CC. Let Gbea labeled graph. A coloring of G 

i om t colors is a coloring of G which uses t or fewer colors. Two colorings of 
from t colors will be considered different if at least one of the labeled 

Points is assigned different colors. 


Let us denote by f(G, t) the number of different colorings of a labeled 


Braph G from t colors. Of course/(G, t) = Vift < x(G). Indeed the smallest 

t for which f(G, t) > 0 is the chromatic number of G. The 4CC therefore 

asserts that for every planar graph G, f (G, 4) > 0. 

py For example, there are t ways of coloring any given p 

d n point, any of t — 1 colors may be used, while there are 
Oloring the remaining point. Thus 


a SK» t) = te — It — 2). 
This can be generalized to any complete graph,* 


RE) HG — 2) 2) (t -p + 1) = to 
mial of the totally disconnected graph K, is 
hofits p points may be colored independently 


oint of Ką. Fora 
t — 2 ways of 


(12.20) 


o Corresponding polyno 
in Icularly easy to find since eac 

any of t Ways: 
f(K, 1) = t (12.21) 

; in Fig. 12.14 may be colored in any of t ways 
raile each endpoint may be colored in any of t — 1 ways. Therefore 
1,4 t) = t(t — 1)*. In each of these examples, f (G, t) is a polynomial in t. 


S is always the case, as we are about to see. 


The central point vo of K 4 


Thi 
n a graph G, and e is the 


Theorem 12.32 If u and v are nonadjacent points i h 
then 


mentary homomorphism which identifies them, 
16,9 = f(G wo 0 + FCG 9. 


= 
F : > à x 
9llowing Riordan [R15], we denote the expression for the falling factorial by fp- 


(12.22) 


E 
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Fig. 12.14. A labeled copy of K, ,. 
Proof. The equation follows di; 


1 A the 
ectly from two observations. First, 


This theorem now implies that if G tha 
there are graphs G, with 4 + 1 lines and G; with p — 1 points sue to 
SG) 2 f(G,, 0) + f (G3, t). The equation (12.22) can then be app eam 
G, and G,, and so on, until only complete graphs are present. HS tie) 
S(G, t) is the sum of expressions of the form f(K,, t). However f(K,, t) = 
is a polynomial in ts 


E then 
1S any noncomplete (p, q) graph, 


Corollary 12.322) For any graph G 


SG, t) is a Polynomial in t. 
We thus refer to f(G, t) as t 


A m 
A [21] where a diagr? 


odi 
nomial, with £ understo® 
u and v the nonadjacent points considered at each 
following the exposition of Read R6]. 
Thus for the graph G of Fig, 12.15, \ 
IG) = Hs) + 3t) + fay = D — 744 4 1817 — 2012 + 8t. 6 
In particular, the number Of ways of Coloring G from 3 colors isf(G 3 7 
There are Several Properties of chroma 
directly from Theorem 12.32 


w 
i A rollo 
Uc polynomials which now 


graph with P points, q lines, and k compo? 
1. f(G, t) has degree p, 
2. The Coefficient of ¢ į 


MG, t) is 1. 
3. The Coefficient of t» 
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u 


ps mes 


(Ke, DF Ky DAS (Ka 9 
Fig. 12.15. The determination of a chromatic polyn 


the following result discovered by Whitney 
ta [R20] using his powerful methods involving 


omial. 


Not quite so obvious is 
[W10] and generalized by Ro 
Óbius inversion. 
Theorem 12,34 The coefficients of every chri 
Sign, 


omatic polynomial alternate in 


Certainly, every two isomorphic graphs have the same chromatic 
Polynomial. However, there are often several nonisomorphic graphs with 
the same chromatic polynomial ; in fact, all trees with p points have equal 


chromatic polynomials. 


Theorem 12.35 A graph G with p points is a tree if and only if 


f(G.9 = He - 0" T- 

tree T with p points has t(t — )! 

d by induction on p, the result being 

e chromatic polynomial of all trees 
Let v be an endpoint of T and sup- 
By hypothesis, the tree T2T-v 
The point v can be assigned 

that v may be colored in any 


Proof. First we show that every labeled 
85 its chromatic polynomial. We procee 
Obvious for p = 1 and p = 2. Assume th 
With p — 1 points is given by (t — yA 
Pose x = uvis the line of T incident with. B 

as t(t — 1)P=2 for its chromatic polynomial. 
any color different from that assigned to t SO 
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oft — 1 ways. Thusf(T, t) = (t — Df(T, t) = (t — 19972. 


ly, let G be a graph such that f(G, t) — t(t — 1)?7!, Since the 

bt a SIG, this ne; G is connected by Theorem 12.33(6). Further- 
more, the coefficient of t^^! is — (p — 1)sothat Ghas p — 1 lines by Theorem 
12.33(3). Theorem 4.1 now guarantees that G is a tree. : 
It remains an unsolved problem to characterize graphs which have the 
same chromatic polynomial. Ofa more basic nature is the unsolved problem 
of determining what polynomials are chromatic. For example, the poly- 
nomial t* — 31% + 3t? satisfies all the known Properties of a chromatic 
polynomial, but is not chromatic. For if it were f (G, t) for some graph G, then 
necessarily G would have 4 points, 3 lines, and 2 Components so that 

= K, U K,. However, the chromatic polynomial of this graph is 


SIG, t) = tt = tê — 30 4 212. 


It has been conjectured by Read [R6] that the absolute value of the 


coefficients of every chromatic polynomial are Strictly increasing at first, 
then become strictly decreasing and remain so. 


EXERCISES 


12.1 Concerning the join of two graphs, 
a) x(G, + G,) = AG) + X(G3), 
b) G, and G, are critical if and only if their join G, + G, is. 


122 Ifn > 3is the length of the longest odd cycle of G, then x(G) € n 4- 1. 


(Erdós and Hajnal [EH1]) 

123 If the points of G are labeled Up 92717, Up SO that d, > d, > ++- > dy, then 

X6) < max,min (i, d, + 1). (Welsh and Powell [WP1]) 
nian cycle, then XSlc-pp. 

ber of the conjunction GaG 


124 If not every line lies on a hamilto 
12.5 The chromatic num! 


2 Of two graphs does not 
exceed that of either graph. 


(S. T. Hedetniemi) 
gular graph of degree n > 3 which is (n + 1)-chromatic 


12.7 The following regular graphs are all those for which the upper bounds in (12.4) 
and (12.5) are realized; 


di+i=p+ 1 only for K,, K,, and (ey 

b) xz = [Ip + 1)/2)?] only for K,, K,, K; and C,. 
128 a) Ifp = P(G) is a prime, then 

b) x? + Y*-— p* +1 if and 


(Finck [F4]) 
XX = p only for K, and K,. 
only if G — K, or K,; otherwise 


X Y s-17 44, (Finck [F4]) 
129 Every outerplanar map is 3-colorable. 


12.10 Every 4-connected plane map is 4-colorable. 
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1211 In any coloring of a line-graph, each point'is adjacent with at most two points 
of the same color, 

12.12 Consider a connected graph G which is not an odd cycle. If all cycles have the 
Same parity, then y(G) = A(G). (J. A. Bondy and D. J. A. Welsh) 


1213 Find the line-chromatic numbers of K, and of K,,,. 
(Behzad, Chartrand, and Cooper [BCC1]) 


12.14 If H is the graph obtained from G by taking V(H) — X(G) and x, y are adjacent 
in H whenever they do not both lie in a complete subgraph of G, then x(H) is the minimum 
number of complete subgraphs whose union is V U X. (Havel [H37]) 
12.15 Every toroidal graph has 6 < 6, and hence has y < 7. 

12.16 There is a 5-critical graph with 9 points. 

12.17 What is the smallest uniquely 3-colorable graph which is not complete? 

12.18 What is the minimum number of lines in a uniquely n-colorable graph with 
P points? (Cartwright and Harary [CH2]) 


tic number of any graph is at least as large as Bo. For any 


12.19 Obviously the chroma x 
B. is 2 and x is 3. Construct a graph with no triangles, 


odd cycle Cany n > 2, Bo 
Bo = 2, and y = 4. 
(This can be done with only 11 points.) 
12.20 If X(G) = n > 5, then there are n points such that each pair are coi 
least four disjoint paths. 
1221 _For any integers d and n such that 1 < d € n, 
with f, = d. 
12.22 a) Every 3-chromatic maximal planar graph is 
b) An outerplanar graph G with at least 3 point: 
only if it is maximal outerplanar. 
1223 An n-critical graph cannot be separated by the points of a uniquely (n — 1)- 
Colorable subgraph. (Harary, Hedetniemi, and Robinson [HHR1]) 


1224 For any independent set S of points of a critical graph G, x(G — S) = x(G) — 1. 
(Dirac [D11]) 


a graph G, |y(G) — 416) < 1. 
(Harary, Hedetniemi, and Prins [HHP1]) 
Cn Was and Kun. 


nnected by at 

(Dirac [D8]) 

there exists an n-critical graph 
(House [H47]) 

uniquely 3-colorable. 

s is uniquely 3-colorable if and 

(Chartrand and Geller [CG1]) 


1225 For any elementary contraction n of 


12.26 Determine the achromatic number of Py, 
1227 The n-chromatic number %,(G) is the smallest number m of colors needed to color 


G such that not all points on any path of length n are colored the same. 
a) For any n there is an outerplanar graph G such that x,(G) = 3. 


b) For any n there is a planar graph G such that 7,(G) = 4. 
(Chartrand, Geller, and Hedetniemi [CGH1]) 


1228 If is the length of a longest path in G then x(G) < e + 1- (Gallai [G4]) 


12.29 The chromatic number of any graph G satisfies the lower bound 
16) = Pile? — 24) 


CHAPTER 13 


MATRICES 


In orderly disorder they 

Wait coldly columned, dead, prosaic. 
Poet, breathe on them and pray 
They burn with life in your mosaic. 
J, Luzzato 


A graph is completely determined by either its adjacencies or its incidences. 
This information can be conveniently stated in matrix form. Indeed, with a 
given graph, adequately labeled, there are associated several matrices, 
including the adjacency matrix, incidence matrix, cycle matrix, and cocycle 
matrix. It is often possible to make use of these matrices in order to identify 
certain properties of a graph. The classic theorem on graphs and matrices 
is the Matrix-Tree Theorem, which gives the number of spanning trees in 
any labeled graph. The matroids associated with the cycle and cooycle 
matrices of a graph are discussed. 


THE ADJACENCY MATRIX 


The adjacency matrix A = [a] 


of a labeled graph G with p points is the 
p x p matrix in which a 


2 ij = lif v, is adjacent with v; and a;, = 0 otherwise. 
Thus there is a one-to-one correspondence between labeled graphs with p 
points and p x p symmetric binary matrices with zero diagonal. 


4 Figure 13.1 shows a labeled graph G and its adjacency matrix 4. One 
immediate observation is that the row sums of A are the degrees of the points 
ofG. In general, because o 


fthe correspondence between graphs and matrices, 
any graph-theoreticconcept is reflected in theadjacency matrix. For example, 
recall from Chapter 2 that a graph G is connected if and only if there is no 
partition V = V, U V; ofthe points of G such that no line joins a point of Vi 
with a point of V,. In matrix terms we may say that G is connected ifand only 
if there is no labeling of the points of G such that its adjacency matrix has the 
reduced form 


suis O 
«|^ ja 
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Ur 


TEA 
o o m e 
——-— o0 - - 
utes: m 
ou. 


Us [^ 
Fig. 13.1. A labeled graph and its adjacency matrix. 


Where A,, and A), are square. If 4, and A, are adjacency matrices which 


Correspond to two different labelings of the same graph G, then for some 
Permutation matrix P, A, = P7'42P. Sometimes a labeling is irrelevant, 


as in the foliowing results which interpret the entries of the powers of the 
adjacency matrix. 

Theorem 131 Let G be a labeled graph with adjacency matrix A. Then the 
i, j entry of A^ is the number of walks of length n from v; to vj. 


the i,j entry of A? is the number of paths of 


Corollary 13.1(a) For i # j, 2 
at of A 


length 2 from v; to vj. The i, i entry of A? is the degree of v; and th 
IS twice the number of triangles containing v;. 

Corollary 13.1(b) If G is connected, the distance between v; and vj for i # j 
IS the least integer n for which the i, j entry of A" is nonzero. 

The adjacency matrix of a labeled digraph D is defined similarly: 4 — 
A(D) = [a;;] has a; = 1 if arc vitj is in D and is 0 otherwise. Thus A(D) 
1S not necessarily symmetric. Some results for digraphs using A(D) will 
be Biven in Chapter 16. By definition of A(D), the adjacency matrix of a 
Biven graph can also be regarded as that of a symmetric digraph. We now 
apply this observation to investigate the determinant of the adjacency 


Matrix of a graph, following [H27]. s pa 
A linear subgraph of a digraph D is a spanning subgraph in which each 


Point has indegree one and outdegree one. Thus it consists of a disjoint 
Spanning collection of directed cycles. 


Theorem 13.2 If D is a digraph whose linear subgraph: 
and D; has e, even cycles, then 


det A(D) = PG pa 


Every graph G is associated with-that digraph D with arcs vw; and vy, 
Whenever y, and v; are adjacent in G. Under this correspondence, each linear 
Subgraph of D yields a spanning subgraph of G consisting of a point disjoint 
Collection of lines and cycles, which is called a linear subgraph of a graph. 


sare Dpi = leaa M 


152 MATRICES 


i i lines correspond to 
omponents of a linear subgraph of G which are c 
qu n in the linear subgraph of D in a one-to-one fashion, but those 
components which are cycles of G correspond to two directed cycles in D. 
Since A(G) — A(D) when G and D are related as above, the determinant of 
A(G) can be calculated. 


Corollary 13.2(2) If G is a graph whose linear subgraphs are G,, i = 1,::-,n 
where G; has e; even components and c; cycles, then 


> 


det A(G) = Y (-1)02% 
i=1 
THE INCIDENCE MATRIX 


A second matrix, associated with a graph G in which the points and lines are 
labeled, is the incidence matrix B = [b;]. This p x q matrix has by = 1 
if v; and x, are incident and b, = Ootherwise. As with the adjacency matrix, 
the incidence matrix determines G up to isomorphism. In fact any p — 1 
tows of B determine G since each row is the sum of all the others modulo 2. 


The next theorem relates the adjacency matrix of the line graph of G to 


the incidence matrix of G. We denote by B? the transpose of matrix B. 


Theorem 13.3 For any (p, q) graph G with incidence matrix B, 
A(L(G)) = B7B — 21, 
Let M denote the matrix obtained fr 


om —A by replacing the ith diagonal 
entry by deg v. The following theorem is contained in the pioneering work 
of Kirchhoff [K7]. 


Theorem 13.4 (Matrix-Tree T 
with adjacency matrix 4. Ju 
their common value is the n 


Proof. We begin the proof by changing either of the two 1’s in each column 
of the incidence matrix B of G to — 1, thereby forming a new matrix E. (We 
will see in Chapter 16 that this amounts to arbitrarily orienting the lines of 
G and taking E as the incidence matrix of this oriented graph.) 

The i, j entry of EET is tuén + ejej + +++ + eie, which has the 
value deg v; if i = j, —1 if v; and vj are adjacent, and 0 otherwise. Hence 
EE" = M. 


Consider any submatrix of E consisting of p — 1 of its columns. This 
p x (p — 1) matrix corresponds to a spanning subgraph H of G having 
p — 1 lines. Remove an arbitrary row, say the kth, from this matrix to 
obtain a square matrix F of order P — 1. We will show that [det F| is 1 or 
0 according as H is or is not a tree. First, if H js not a tree, then because 
H has p points and p — 1 lines, it is disconnected, implying that there is a 


heorem) Let G be a connected labeled graph 
hen all cofactors of the matrix M are equal and 
umber of spanning trees of G. 
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G: NS 


WS EPS 
SS NINS 


Fig. 13.2. K, — x and its spanning trees. 


Component not containing Vy: Since the rows corresponding to the points of 
this component are dependent, det F = 0. On the other hand, suppose H isa 
label its lines and points other than v, as follows : 
Let u, 4 v, be an endpoint of H (whose existence is guaranteed by Corollary 
4.1(a)), and let y, be the line incident with it;let u, # v, be any endpoint of 
i — u, and y, its incident line, and so on. This relabeling of the points and 
lines of H determines a new matrix F' which can be obtained by permuting 
the rows and columns of F independently. Thus|det F’| = |det Fl. However, 
F'islower triangular with every diagonal entry + 1 or —1 ;hence, [det F| = 1. 

The following algebraic result, usually called the Binet-Cauchy Theorem, 


Will now be very useful. 
Lemma 13.4(a) If P and Q are m x 


n 5 
E S n, then det PQ is the sum O 
*terminants of P and Q. 


tree. In this case, we can re 


nand n x m matrices, respectively, with 
f the products of corresponding major 


(A major determinant of P or Q has order m, and the phrase "corre- 
SPonding major determinants" means that the columns of P in the one 
determinant are numbered like the rows of Q in the other.) 

he first principal cofactor of M. 


L We apply this lemma to calculate t fac 
Ct E, be the (p — 1) x q submatrix obtained from E by striking out its 


first row. By letting P = E, and O = ET, we find, from the lemma, that the 
first principal cofactor of M is the sum of the products of the corre- 
SPonding major determinants of E, and ET. Obviously, the corresponding 
Major determinants have the same value. We have seen that their product is 
l ifthe columns from E, correspond toa spanning tree of G and is 0 otherwise. 
hus the sum of these products is exactly the number of spanning trees. 
The equality of all the cofactors, both principal and otherwise, holds for 
ia matrix whose row sums and column sums are all zero, completing the 
oof. 
m, we consider a labeled graph G 


To illustrate the Matrix-Tree Theore ider a 
ph, shown in Fig. 13.2, has eight 


t a 
ken at random, say Ką — x. This gra 


x 


Fig. 13.3. Two graphs with the same cycle matrix. 


spanning trees, since the 2,3 cofactor, for example, 


Joe I Try 


2 T ME 

onus mia. 5150 Bela ie ler 
IE UT vaste Der 
RE $ 


The number of labeled trees with p points is easily found by applying tħe 


Matrix-Tree Theorem to K,. Each principal cofactor is the determinant 
of order p — 1: 


PIC ei 
NS ail e] 


p=1 
h of the others and adding the last p — 2 
yields an upper triangular matrix whose determinant 


Subtracting the first row from eac 
columns to the first 
is pP=?, 


Corollary 13.4(a) The number of labeled trees with p points is p?~?. 


There appear to be as many different ways of proving this formula as 


there are independent discoveries thereof. An interesting compilation of 
such proofs is presented in Moon [M15]. 


THE CYCLE MATRIX 


Let G be a graph whose lines and cycles are labeled. The cycle matrix 
C = [ci] of G has a row for each cycle and a column for each line with 
ci; = 1 if the ith cycle contains line x, and Ci; = O otherwise. In contrast to 
the adjacency and incidence matrices, the cycle matrix does not determine 
a graph up to isomorphism. Obviously the presence or absence of lines 
which lie on no cycle is not indicated. Even when such lines are excluded, 
however, C does not determine G, as is shown by the pair of graphs in Fig. 13.3. 
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Which both have cycles 


Li xp x Za = [Xa Xa Xs Xo} 
Ze i Z4 = [Xi Xs Xa Xs Xo} 
Zs = (X3 Xp Xs, X» Xs} Zo = (Xp Xs Xa Xs X» x) 
and therefore share the cycle matrix 
X, X2 X3 X4 Xs X6 X7 X8 
1 31311507 Om O, 
Oe 1) 04 1 2101808.011725 
C= 010010, 051 31000: Z3 
NOOO EZ 
Om 1 OR NE Th lees 
ety 98 LER Q^ Ub M AG 


i The next theorem provides a relationship between the cycle and incidence 
dies In combinatorial topology this result is described by saying that 
© boundary of the boundary of any chain is zero. 


Theorem 13,5 If G has incidence matrix B and cycle matrix C, then 
CB" = 0 (mod 2). 


Proof. Consider the ith row of C and jth column of BT, which is the jth row 


E d The rth entries in these two rows are both nonzero if and only if x, is 
if p ne ith cycle Z, and is incident with vj. If x, is in Zi then v, is also, but 
. Uj Is in the cycle, then there are two lines of Z, incident with v; so that the 
^ j entry of CBT is 1 + 1 = 0 (mod 2). 

rix, one can define the cocycle matrix C*(G). 
corresponds to the cocycle (minimal 
hit. Therefore, the incidence matrix 


Ing beet to the cycle matr 
dij: Y 2-connected, then each point of G 
SINT COnssling of the lines incident with 1 
lock is contained in its cocycle matrix. 
Since every row of the incidence matrix B is the sum modulo 2 of the 


other rows, it is clear that the rank of B is at most p — 1. On the other hand, 
here is some set of fewer than p rows 


i 

Ane rank of Bis less than p — 1, then t zu à 

. 10se sum, modulo 2, is zero. But then there can be no line joining a point 
not in that set, so G cannot be 


in : 
T set belonging to those rows and a point 
Dnected, Thus we have one part of the next theorem. The other parts 


ollow directly from the results in Chapter 4 which give the dimensions of the 


Cycle 4 
Yele and cocycle spaces of G. 

Theorem 13.6 For a connected graph G. the ranks of the cycle, incidence, 
nd cocycle matrices are (C) = 4 p + Land HB) SC) s pss 

ant submatrix of the cycle matrix C 


In view of Theorem 13.6, an import : 
q — p + | rows representing a 


o 
A connected graph is given by any ™ = 
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CA E Uz Ui xi Da 
G xe Xs T: x 
U3 X La Us Xa u 


Fig. 13.4. A graph and a spanning tree. 


cycle basis. Each such reduced matrix C,(G)isanm x q submatrix of C, and 
similarly a reduced cocyle matrix C4(G) is m* x q, where m* = p — 1. 
Then by Theorem 13.5, we have immediately CC*™ = 0 (mod 2) and hence 
also C¿C¿” = 0 (mod 2). A reduced incidence matrix B, is obtained from B 
by deletion of the last row. By an earlier remark, no information is lost by 
so reducing B. 

If the cycles and cocycles are chosen in a special way, then the reduced 
incidence, cycle, and cocycle matrices of a graph have particularly nice 
forms. Recall from Chapter 4 that any spanning tree T determines a cycle 
basis and a cocycle basis for G. In particular, if X, = {x}, x2,***, Xp- i} is 
the set of twigs (lines) of T, and Xa = {xaX X4} is the set of its 


chords, then there is a unique cycle Z; in G — X+ x, p<i<q anda 
unique cocycle Z* in G — X, + x;,1 <j < p — 1, and these collections of 
cycles and cocycles form bases for their respective spaces, For example, in the 
graph G of Fig. 13.4 the cycles a 


nd cocycles determined by the particular 
Spanning tree T shown are 


= c E 1 
Za = (Xi x2, Xa). Zt = (xi xa x5], 


Zs = (xy x2, ane ys Zt 


ll 


{X2, Xas Xs}, 
Z$ = (xy x. 
The reduced matrices, which are determined b 


oth by G and the choice of T, 
are: 
X, X; 
& Xp XR NS 
eui 1 010 0 
BG, T) = v, 0 01 
Its 
! 
X, ‚X, 
ZA onen 
= 24 í 
Co(G, T) hi a ] 
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and XG, X, 
AAA 

Zeo qe 

CHG, T) =Z3|0 1 011 1; 

z#|o 0 1,0 1 


It is easy to see that this is a special case of the following equations (all 
modulo 2) which hold for any connected graph G and spanning tree T: 


X xe 
na ma 
Bo = BG, T) = [Bı Ba). 
and 
RX 
* = CHG, T) = [m Cil 
$ = B¡'Bo= [Im CT]. It follows from 


Where CT = By'B, = Ct and C 
d T. each of the partitioned matrices Bo, 


Ee equations that, given G an 
o, and C£ determines the other two. 


Excursion—Matroids Revisited 

The cycle and cocycle matrices are particular representations of the cycle 
matroid and cocycle matroid ofa graph, introduced in Chapter 4. A matroid 
is called graphical if it is the cycle matroid of some graph, and cographical if it 
'S a cocycle matroid. Tutte [T12] has determined which matroids are 
graphical or cographical, thereby inadvertently solving a previously open 


Problem in electric network theory. | ; um 

The smallest example ofa matroid which is not graphical or cographical is 
the Sra cod cbiaincdlby taking M = (1, 2,3, 4) and the circuits 
all 3-element subsets of M. 


E i. 


3,5. The new circuits in the whirl of Ws. 


Another example, Tutte [T19]. of a matroid which is not graphical 
involves the wheel W,., = Ki + Cn: Its cycle matroid has n—nan+1 
a les in a wheel. If in this matroid we 

le C, which forms the rim of the 


Gift cs 

le since there are that many CYC 
Move from the collection of circuits the cyc 1 forn 

d rims" (the sets of lines in the subgraphs 

hown that the result is a new matroid 


Fig. 1 


Ww 
d and add to it all of the "spoke 
Own in Fig. 13.5), then it can be $ 


158 MATRICES 


which is not graphical or cographical. This is called a whirl of order n and is 
ated by n? circuits. ' J 

en if a matroid is graphical, it need not be cographical. For example, 

thecycle matroid of K is not cographical. In fact a matroid is both graphical 

and cographical if and only if it is the zycle matroid of some planar graph. 


EXERCISES 


13.1 a) Characterize the adjacency matrix of a bipartite graph. . 

b) A graph Gis bipartite if and only if for all odd n every diagonal entry of A" is 0. 
Let G bea connected graph with adjacency matrix A. What can be said about A if 
a) v is a cutpoint? 
b) vjv; is a bridge? 


1872 


13.3 If c,(G) is the number of n-cycles of a gra 
a) cs(G) = dtr(4), 
b) e4(G) = Mtr(4*) — 24 — 2 Epy a. 
€) es(G) = ds[tr(43) — 5 tr(4?) — 5 Pl (E3., a; — 2a]. 


ii 


ph G with adjacency matrix A, then 


(Harary and Manvel [HM1]) 


ry cofactor of M is 0 
tees of G is the product of the 


134 a) If G is a disconnected labeled graph, then eve: 


b) If G is connected, the number of spanning t 
number of spanning trees of the blocks of G. 


(Brooks, Smith, Stone, and Tutte [BSST1]) 
13.5 Let G bea labeled graph with lines Xo Xa, X,. Define the p x p matrix 
M, = [m;;] by h 


XE if x, = Dv; 
m, = 


0 if v and v; are not adjacent for TAI, 
=m, = Ym, 
nai 
By the term ofa Spanning tree of G is meant the 


: Product ofits lines, The tree polynomial 
of G is defined as the sum of the terms of its Spanning trees, 


The Variable Matrix Tree Theorem asserts that the value of any cofactor of the 
matrix M, is the tree polynomial of G. 


13.6 Do there exist two different graphs with the same Cycle matrix which are smaller 
than those in Fig. 13.32 


13.7 The "cycle-matroid" and “cocycle-matroid” of a graph do indeed satisfy the 
first definition of matroid given in Chapter 4. 


13.8 Two graphs G, and G, are cospi 


ectral if the polynomi. 
det (A, — tI) are equal. There are just t 


als det (A, — tI) and 
wo different cospectral 


graphs with 5 points. 
(F. Harary, C. King, and R. C. Read) 
139 If the eigenvalues of A(G) are distinct, then every nonidentity automorphism of 
G has order 2. (Mowshowitz [M17]) 


EXERCISES 159 


13.10 Let f (t) be a polynomial of minimum degree (if any) such that every entry of 
f(A) is 1, where A is the adjacency matrix of G. Then a graph has such a polynomial if 
ànd only if it is connected and regular. (Hoffman [H45]) 
13.11 An eulerian matroid has a partition of its set S of elements into circuits. 


a) A graphical matroid is eulerian if and only if it is the cycle matroid of an 


eulerian graph, 
b) Not every eulerian matroid is graphical. 
13.12 In a binary matroid, the intersection of every circuit 
cardinality. Every cocircuit ofa binary eulerian matroid has evi 
Words, the dual ofa binary eulerian matroid isa “bipartite matroi 


and cocircuit has even 
en cardinality. In other 
d,” defined as expected. 


(Welsh [W9]) 


CHAPTER 14 


GROUPS 


Tyger! Tyger! burning bright 

In the forests of the night, 

What immortal hand or eye 

Could frame thy fearful symmetry? 
WILLIAM BLAKE 


groups has provided an interesting and 
study of the symmetries of various con- 
there is a particularly fruitful interaction 
er to place the topic in its proper setting, 
ant facts about groups. In particular, we 
mutation groups. These operations play 
as they are closely related to operations on 
aphical enumeration, 


: en structural Properties. The chapter is 
concluded with a study of graphs which are symmetric with respect to their 


THE AUTOMORPHISM GROUP OF A GRAPH 


First we recall the usual definiti 
with a binary operation, denot 
constitutes a group whenever t 


on ofa group. The nonempty set A together 
ed by the juxtaposition 3,95 for a, a in A, 
he following four axioms are satisfied: 


Axiom 1 (closure) For all «,, x, in A, 0% is also an element of A. 


Axiom 2 (associativity) For all 93, %, t3 in A, 


a(x) = (0,25), 


160 
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E Fig. 14.1. Two identity graphs. 

xi doa : , 

om 3 (identity) There is an element iin A such that 
ix = ai =a for all « in A. 


Axi " 3 3 
Xiom 4 (inversion) If Axiom 3 holds, then for each g in A, there is an element 


denoted 2”! such that 
ax! E ala EU 

ru 1-1 mapping from a finite set onto itself is called a permutation. The 
us a of mappings provides a binary operation for permutations 

e same set. Furthermore, whenever à collection of permutations is 
Axioms 2, 3, and 4 are automatically 
p. Ifa permutation group A acts 
and |X| is the degree. 


Tespectively, we will write A = B to mean 
cues, However A = B indicates not only isomorphism but that A and B 
m identical permutation groups. More specifically A = B if there is a 1-1 
aP h: 4. B between the permutations such that for all «,, «z in A, 
(x) = h(a,)h(a,). To define A = B precisely, we also require another 
-l map f: X e Y between the objects such that for all x in X and «in A, 


fex) = hay fo. : 
each n automorphism of a graph G is an isomorphism of G with itself. Thus 
n automorphism a of Gis a permutation of the point set V which preserves 
Jacency. Of course, a sends any point onto another of the same degree. 
bviously any automorphism followed by another is also an automorphism, 
Ence the automorphisms of G form à permutation group, T(G), which acts 
up of G, or sometimes as the point- 


o H 
A the points of G. It is known as the gro met 
h D is defined similarly. 


9roup of G. The group T(D) of a digraP D 

The identity map from V onto V is of course always an automorphism 

arm For some graphs, it is the only automorphism; these are called identity 

'aphs. The smallest nontrivial identity tree has seven points and is shown in 
ix points. 


i 2 
8. 14.1, as is an identity graph with $ x 
ther permutation group T(G), called 


ofG 
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3 x 
K,—x: x $ 


Fig. 14.2. A graph with labeled points and 
lines. e EA Ds 


labeled v, v2, v3, v, and lines x,, x5, x3, x4, xs. The point-group I(K4 — x) 
consists of the four permutations: 


(vi Yv3)(v3Y(v.), (viY(o3Y(05v4), (va(v4(0, v3), (v,v3)(v2v4)- 

The identity permutation of the point-group induces the identity 
permutation on the lines, while (v,)(v3)(v2v,) induces a permutation on the 
lines which fixes xs, interchanges x, with x, and x, with x3. In this way, one 
sees that the line-group P,(K¿ — x) consists of the following permutations, 
induced respectively by the above members of the point-group: 


ESE xls. ultras duales) 


Of course the line-group and the point-group of K, — x are isomorphic: 
But they are certainly not identical permutation groups since T,(K4 — x) 
has degree 5 and T(K, — x) has degree 4, Note that the line xs is fixed by 
every member of the line-group. Even the permutation group obtained from 
T(K, — x) by restricting its object set to Xy, X5, X3, X4 is not identical with 
T(K, — x), since these two isomorphic permutation groups of the same 


degree have different cycle structure. Furthermore, it can be shown that 
even when two permutation groups have the sal 


me degree and the same cycle 
Structure, they still need not be identical ; see Polya [PS, p. 176]. 
The next theorem [HP15] answers the question: when are T(G) and 
T(G) isomorphic? Sabidussi [S1] demonstrated the sufficiency using grouP 
theoretic methods, 


Theorem 14.1 The line-group and the point-group ofa graph G are isomorphic 
if and only if G has at most one isolated point and K, is not a component 
of G. 


Proof. Let o' be the permutation in T(G) 


Which is induced by the permut?” 
tion x in T(G). By the definition of multi : r 


plication in T,(G), we have 

xf = (aß) 
for all æ ß in T(G). Thus the mapping x > a’ is a group homomorphis™ 
from T(G) onto T,(G). Hence T(G) = T,(G) if and only if the kernel of th? 
mapping is trivial. 


To prove the necessity, assume T(G) = T(G). Then g # ¡(the identit 
permutation) implies o^ # i. If G has distinct isolated points v, and v2 we 
can define a € T(G) by o(v;) = v,,«(v,) = v,, and a(v) = v forall v x v, "? 
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Then x # ibuta' =i. If K, is a component of G, take the line of K, to be 
X = vv, and define x e T(G) exactly as above to obtain a x ibut g' =i. 

To prove the sufficiency, assume that G has at most one isolated point 
and that K, is not a component of G. If T(G) is trivial, then obviously F,(G) 
fixes every line and hence T,(6) is trivial. Therefore, suppose there exists 
2 € T(G) with a(u) = v # u. Then the degree of u is equal to the degree of v. 
Since u and v are not isolated, this degree is not zero. 


CASE I. wis adjacent to v. Let x = uv. Since K, is not a component, the 
degrees of both u and v are greater than one. Hence there is a line y # x 
which is incident with u and (y) is incident with v. Therefore «(y) # y 
and so a’ zi. 


CASE 2. u is not adjacent to v. Let x be any line incident with u. Then 


X(x) % x and so a’ # i, completing the proof. 


OPERATIONS ON PERMUTATION GROUPS 
ons on permutation groups which 
We now develop four such binary 


and power group. 
= |A| and degree dacting on the 


There are several important operati 
Produce other permutation groups: 
Operations: sum, product, composition, 

Let A bea permutation group oforder m £ 
set X = fx, x4 000 Xah and let B be another permutation group of order 
n = |B| and degree e acting on the set Y = (Y Ya Vel: For example, let 
A = C, the cyclic group of degree 3, which acts on X = (1,2, 3}. Then the 
three permutations of C, may be written (1)(2)(3), (123), and (132). With 
B = S, the symmetric group of degree 2, acting on Y = {a, b}, we have the 
Permutations (a)(b) and (ab). We will use these two permutation groups to 
illustrate the binary operations defined here. f 

"Their sumt A Bus. a permutation group which acts on the disjoint 
union X u Y and whose elements are all the ordered pairs of permutations 
* in A and ß in B, written & + f. Any object z of X V Y is permuted by 
% + B according to the rule: 

az, ze X 

(a + BN) = i LE (14.1) 


Thus C ; ‘ons each of which can be written as the 
+S, contains 6 permutation 
sum of permutations a. Cy ande $; such as (123Xab) = (123) + (ab). 
The product** A x B of A and B isa permutation group which acts on 
Il the ordered pairs, written 


the set ¥ x Y and whose permutations are a ‘ 
2 x B, of permutations & in A and f in B. The object (x, y) of X x Y is 


r direct product and denoted accordingly. 


5 £ = 
Sometimes called product o 
oduct; see [H18]. 


** 
Also known as cartesian pr! 
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Table 14.1 
OPERATIONS ON PERMUTATION GROUPS 


Sum Product Composition Power 
group A B A+B AxB A[B] Bs i 
objects X i Xuy Xx Y Xx Y Y 
order m n mn mn mn? mn 
degree d e d+e de de e 


permuted by æ x fi as expected: 


(© x fos y) = (ax, fy). (14.2) 

The product Cy x S, also has order 6 but 

C5 + S; is 5, that of the product is 6. T 

sponding to (123) + (ab) in the sum is (1 
la denotes (1, a). 

The composition* A[B] of“ A around B” 


in 4 and any sequence (By, fs. s, Pa) of d (not necessarily distinct) permuta- 
tions in B, there is a unique permutation in A[B] written (a; Bi Baye , Ba) 
such that for (x,, yj)inX x Y: 


while the degree of the sum 
he permutation in C, x Sz corre- 
a 2b 3a 1b 2a 3b), where for brevity 


also acts on X x Y. Foreacha 


(a5 fy, Bat, Bali, yj) = (ax, Biyi). (14.3) 


The composition C3[S;] has degree 6 but its order is 24. Each permutation 
in C4[S;] may be written in the 


form in which it acts on X x y. Using the 
Same notation la for the ordered pair (1, a) and applying the definition (14.3), 
one can verify that (123); (a)(b), (ab), (a)(b)) is ex 


Note that S,[C,] has order 18 and so is not isomorphic to C3[S;]. 
The power group** denoted by p4 


; ions A and ß in B there is a 
unique permutation, written p» in BA, We specify the action of B% on any 
ng equation which gives the image of each 


(Pf yx) = Br (ax). 
The power group SS? has order 6 and de 
(14.4) that the permutation in this gr 
B = (ab) has one cycle of length 2 and 
Table 14.1 summarizes the information concerning the order and degree 

of each of these four operations. 


gree 8. It is easy to see by applying 


oup obtained from g = (123) and 
One of length 6, 


* Called “Gruppenkranz” by Pólya[P6] and “wreath product" by Littlewood [L3] and others. 
** Not called by any other name as yet. 
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Table 14.2 
PERMUTATION GROUPS OF DEGREE p 
Symbol Order Definition 
Bimmetri Ss p! All permutations on (1, 2, +*,P) 
C ternating A, p!/2 All even permutations on (1.2, : ::, p} 
A CG; p Generated by (12 ++ * p) 
are D, 2p Generated by (12 - : p) and (1p)(2 p— 1): 
a E, 1 (DO) - - (p) is the only permutation. 


We now see that three of these operations are not all that different. 


Theorem 14,2 The three groups A + B, A x B, and B^ are isomorphic. 


A x B. Tosee that A B = B^, we 
(x; f) = a^! f, and verify that f is an 
operations are commutative; in fact, 


Ken It is easy to show that A + B = 

is ne the map f: B^ A+ B by fi 

^| orphism: Note that these three 
+B=BrAAxB=Bx A andB* = A. 

5 Table 14.2 introduces notation for five well-known permutation groups 
degree p. In these terms, we can describe the groups of two familiar 


8raphs with p points. 


1 ' 
heorem 14.3 a) The group T(G) is Sp ifand only if G = K, or G = Ko. 


b) If G is a cycle of length p, then T(G) = Dp- 


ation groups of degree p, namely S, and D,, 
For all p > 6, there exists an identity graph 
7, there is an identity tree. 


bela ls two particular permut 
Vine to graphs with p points. 
P points and in fact whenever p 2 


Theorem 144 A graph and its complement have the same group, 


r(G) = T(G). (14,5) 
À "composi ^i f one or more operations on disjoint 
osite graph" is the result of on C 
Maphs, The S En composite graph may often be expressed in terms of 
© groups of the constituent graphs- Frucht [F10] described the group of 
f a connected graph G. 


graph nG which consists of n disjoint copies © 
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Theorem 14.5 If G is a connected graph, then 
T(nG) = s[r(G)]. (14.6) 


To illustrate the theorem, consider the graph G = 5K3, whose group IS 
S,[S5]. An automorphism of G can always be obtained by performing an 
arbitrary automorphism on each of the five triangles, and then following this 
by any permutation of the triangles among themseives. 

Theorem 14.6 If G, and G, are disjoint, connected, nonisomorphic graphs, 
then 

, T(G, U G,) = T(G,) + T(G,). (14.7) 
Any graph G can be written as G=n,G, 
n; is the number of components o. 
two theorems, we have the result, 


Y nG U ++: Un,G,, where 
f G isomorphic to G,. Applying the last 


T(G) = Sm [T(G,)] + S, [T(G2)] + +--+ S, [T(G,)]. (14.8) 


Corollary 14.6(a) The group of the union of two graphs is the sum of their 
groups, 


T(G, v G,) = T(6,) + T(G,), (149) 


if and only if no component of G, is isomorphic with a component of G2- 


The next corollary follows from Theorem 144, the preceding corollary, 
and the fact that the complement of the 


: join of two graphs is the union © 
their complements, that is, 


Corollary 14.6(b) The group of the Join of two graphs is the sum of their 
groups, 


T(G, + G) = T(G 


) + T(G»), nal 
if and only ifno component of G, is isom 


orphic with a component of G;. 


ong > Pee! C; x G, implies that G, or G; is 
trivial ; G is composite if it is not prime, abidussi [S5] observed that the 
cartesian product of graphs is commutative and associative. He also devel- 
: 1 Of two graphs to be the product 
of their groups. Since he proved that every nontrivia] graph is the unique 
product of prime graphs, the meaning of relatively prime graphs is clear. 


Theorem 14.7 The group of the product of two graphs is the product of their 
groups, 


T(G; x G5) = T(G,) x T(G;), (14.12) 
if and only if G, and G, are relatively prime. 


Sabidussi [S4] settled the question raised in [H21] by providing 2 


criterion for the group of the lexicographic product (composition) of two 
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| Table 14.3 
| THE GROUPS OF THE LITTLE CONNECTED GRAPHS 
Graph Group | Graph Group 
. S; + Sz 
MIA Sp + E; 
L 
/ b Da 
VO EE 
A sE) 
. 
E, + $3 


eir groups. Then 


graphs to be the composition of th 
ts v which are ad 


the set N{u) consisting of all poin 
neighborhood is N[u] = Nu) Y lube 


jsconnecte! 


Theorem 14.8 If G, is not totally d I 
sition of their groups. 


| tion of two graphs G, and G, is the compo 
| HG Ga) = MGW G2) 
ifand only if the following two conditions hold: 


1. If there are two points in Gi with the s 


2. If there are two points in Ci with the sa 


G, is connected. 


With these results, the groups of 
Symbolized. The group of one of these 
been illustrated. The groups of the disconnec 
Table 14.3 but can be obtained by using Theorem 14.4. 

The conditions for the 8FOUP oft 
&raphs to be identical to the composition 


| This suggests that another operation on grap 


of realizing the composition of their groups OD 
of two graphs [n ( 
hG obtained by taking one co 


all graphs with 
graphs, namely Ka 


H The corona G, * 62 
arary [FH1] as the graP 


167 


neighborhood of a point uis 
jacent with u. The closed 


d. then the group of the composi- 


(14.13) 


ame neighborhood. then G; is 


connected. 
me closed neighborhood, then 


p < 4 points can be 
— x, has already 
ted graphs are not given in 


he lexicographic products of two 
of their groups are rather complex. 
hs be constructed for the purpose 
ly up to group isomorphism. 
and G, was defined by Frucht and 
py of G, (which has 
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G: Ga: Gi ° Gz 6:5 G, 


Fig. 14.3. Two graphs and their two coronas. 


Pı points) and p, copies of G,, and then joining the ith Point of G, to every 
point in the ith copy of G,. For the graphs G, = K, and G, = K,,2, the 
two different coronas G, ° G, and G, o G, are shown in Fig. 14.3. It follows 
from the definition of the corona that G, « G, has Pı(l + p2) points and 
qı + P192 + pp; lines. 

Theorem 14.9 The grou 


P of the corona of two graphs G, and G, can be 
written explicitly in ter 


ms of the composition of their groups, 


T. G3) = T(G,[E, + T(G,), (14.14) 


if and only if G, or G, has no isolated points, 


The term E, in (14.14) when applied to Corollary 14.6(a) gives the 
next result. 


Corollary 14.9(a) The group of the corona G, > G, of two graphs is isomorphic 
to the composition T(G,)[1(G,)] of their groups if and only if G, or G, has 
no isolated points, 
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Kónig [K10, p. 5] asked: When is à given abstract group isomorphic with 
the group of some graph? An affirmative answer to this question was given 
constructively by Frucht [F8]. His proof that every group is the group of 
some graph makes use of the Cayley “color-graph of a group” [C4] which we 
now define. Let F = Ufo fi + > Ín-1) be a finite group of order n whose 
identity element is fo. Let each nonidentity element J; in F have associated 
with it a different color. The color-graph of F, denoted D(F), is a complete 
symmetric digraph whose points are the n elements of F. In addition, each 
arc of D(F), say from fi to fj is labeled with the Colo: 
element f; ‘f; of F. Of course, in practice we simply labe] both points and 
arcs of D(F) with the elements of F. 

For example, consider the cyclic group of order 3, C; = (0, 1, 2). The 
color-graph D(C5) is shown in F ig. 14.4. 


Frucht observed the next result, which is simple but very useful. 
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v 
E 2 
lj 
LN CRIT — I 
1 1 


Fig. 1 
4.4. The color graph of the Fig. 14.5. Doubly-rooted graph to replace arc f, f; 
cyclic group C3. Y 


e d 
« 
vC AVE [2] 


and a smaller such graph. 


E 


Soga 


> 
E 
e 
> 


Fig. 14.6. Frucht's graph whose group is Cs 


oup F is isomorphic with the group of those 


preserve arc colors. 
s isomorphic with F, Frucht 


ame 14.10(a) Every finite gt 
omorphisms of D(F) which 
E To construct a graph G whose group T(G) i hic 

Placed each arc f, f; in D(F)bya doubly rooted graph. Thisis done in such a 
Way that every arc of the same color is replaced by the same graph. We 


Show in Fig, 14.5 the graph which replaces the arc ffr Let Si Y, = fe and 
d (Um) 50 that in Fig. 14.5 the paths joining u; 


Introduce n inte 
Mg y DE it 2 and 2k — 1 points respectively. In 
f ect, Frucht's construction a lorful undirected arrow to each arc 
Sj. Thus the resulting graph 1) points and T(G) = F. 
Kae 14.10 For every finite abstract gr 
(G) and F are isomorphic. 
clic group C; is shown in 


is method from the cy! 
m this example that the number of points in 


ssigns a CO 
G has n^n — 
oup F, there exists a graph G such 


Fig The graph obtained by th 
- 14.6(a). It should be clear fro 
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any graph so constructed is excessive, Gra 
a 


phs with a given group and fewer 
points can be obtained when thc 


group is known to have m < n generans 
In that case the color-graph is modified to include only directed DR e 
correspond to the m generators. Thus a graph containing n(m + 1)( d by 
points can be obtained for the given group. Since C; can be en 6(b). 
one element, there is a graph with 18 points for C3. Itis shown in Fig. 14. 


Fig.14.7. The smallest graph whose group 
is C}. 

The inefficiency of even this improvement of the method of construction 
is shown by the graph of Fig. 14 7. This is the unique smallest graph 
whose automorphism group is cyclic of order three [HP3] and it has only 
9 points and 15 lines. 


Later Frucht [F9] showed that one could al 
It was becoming apparent that requiring G to ha 
automorphisms was not a Severe restriction. In fact Sabidussi [S2] mo 
that there are many graphs with a given abstract group having one of severa 
other specified Properties such a. 


$ connectivity, chromatic number, and 
degree of regularity. 


80 specify that G be Quo 
Ve a given abstract group 0 


any finite, abstract, nontrivial group F and an ineen 
J (1 Sj < 4) there are infinitely many nonhomeomorphic graphs G i 
Point fixed by every automorphism, T(G) = F 


P;, defined by 
Pz: x(G) = n, n>2 

P3: Gis regular of degree n, n>3 
Pa: Gis spanned bya subgraph ho 


Meomorphic to a given graph. 
When Theorem 14.1 
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C ^ R E 
o e 14.11(a) Given any finite group F and integers n and m where 
2 3 and 2 < m < n, there are an infinite number of graphs G such that 


r = 
(G) = F, (G) = m, and G is regular of degree n. 


SYMMETRIC GRAPHS 


a Mice of symmetry in graphs was ii 
are simil ion of symmetric cubic graphs. ib 
co Rm if for some automorphism a of G, a 
similar io any other point. Two lines x, = 4101 and x2 = 3"; 
A5 if there is an automorphism & of G such that alfu 013) = {u2 v2}. 
jue nsider only graphs with no isolated points. A graph is point-symmetric 
simil ty pair of points are similar; it 1s line-symmetric if every pair of lines are 
ar; and it is symmetric if it is both point-symmetric and line-symmetric. 

i Smallest graphs that are point-symmetric but not line-symmetric 
Me triangular prism Ka x K2) and vice versa (the star K,,,) are shown in 


ig. 14.8, 
u 
w 
symmetric graph. 


Fig. 14.8. A point-symmetric and a line-: 


nitiated by Foster [F6], who made 
wo points u and v of the graph G 
(u) — v. A fixed point is not 
are called 


6 Note that if æ is an automorphism f G, then it is clear that G — u and 

g _ Au) are isomorphic. Therefore, if u and v are similar, then Gene 

in iss v. Surprisingly, the converse of this statement is nottrue.* The graph 

rdis, 149 provides a counterexample. It is the smallest graph which has 
Ssimilar points u and v such that GIL BIG tu see [HPS]. 


O! 


u D 
Fig. 14.9. A counterexample to a conjecture. 
dered pair (dj, d2) with 
ular if all lines have the 
raph K,,, is shown; it is 
regular of degree (2, 3). 


The degree of a line x = "" is the unor 
Same deg u, and d; = degv. A graph is line-reg 
lin © degree. In Fig. 14.10, the complete bipartite 8 
*-Symmetric but not point-symmetri and is line- 


En 
depended heavily on this converse. 


A 
Purported proof of Ulam's conjecture 
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Fig. 14.10. A line-regular line-symmetric 
graph. 


We next state a theorem dueto Elayne Dauber whose corollaries deseris 
properties of line-symmetric Braphs. Note the obvious but importa 
observation that every line-symmetric graph is line-regular. 

Theorem 14.12. Every line-symmetric graph with no isolated points is point- 
symmetric or bipartite. 

Proof. Consider a line-symmetric graph G with no isolated points, having 
qlines. Then for any line x, there are at least q automorphisms a, &, ***> % 
of G which map x onto the lines ofG. Letx = vj V, = (mv) ^, a o 
and V, = (a,(0), ---, %(v2)}. Since G has no isolated points, the union O 


Y, and V, is V. There are two possibilities: V, and V, are disjoint or they 
are not. 


CASE 1. If V, and V, are disjoint, then G is bipartite. 


Consider any two 
there is a line y joini 


CASE 2. If V, and V, are not disjoint, then G is point-symmetric. 
Let u and w be an 


morphism « with o(v,) = u and B with B(v,) = w. Thus Ba” (y) = w so that 
any two points u and w i 


in Va, let v bea point in both Vu 
with w, u and ware simil 


Corollary 14.12(a) If G is line- 


symmetric and t 
(di, dj) with d, 4 dz, then Gi 


. is 
he degree of every line ! 
S bipartite, 


Corollary 14.12(c) If G is line-symmetric, has an even number of points, and ÍS 
regular of degree d > p/2, then 


G is Point-symmetric. 
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M With these three corollaries, the only line-symmetric graphs not yet 
m ee ss are those having an even number of points which are regular 
co d < p/2. The polygon with six points is an example of such a 
mo de graph which is both point-symmetric and bipartite. The 
de cron the dodecahedron, and the Petersen graph are examples of 
m ine-symmetric graphs which are point-symmetric but not bipartite. 
[F not all regular line-symmetric graphs are point-symmetric, as Folkman 
5] discovered. 


m» 1413 Whenever p = 20 is divisible 
Braph G with p points which is line-symmetric 


by 4, there exists a regular 
but not point-symmetric. 
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Following Tutte [T20], an n-route is a walk 
er in which no line succeeds itself, A graph G is n-transitive, n > 1, if it 
E an n-route and if there is always an automorphism of G sending each 
f Toute onto any other n-route. Obviously a cycle of any length is n-transitive 
of all n, and a path of length n is n-transitive. Note that not every line-sym- 
Metric graph is 1-transitive. For example, in the line-symmetric graph 
1,2 Of Fig. 14.8, there is no automorphism sending the 1-route uv onto the 
Toute pw, 

md is an n-route vo dı * 
iU E then the n-route 0, ^" 
is spe endpoint of G, then obviously 
nue, ‘ii in the next two theorems 
ave a sufficient condition [120, 
prem 14.44 Let G be a connected grap En 
Be such that there is an automorphism of G fro 

essors, then G is n-transitive- 
and dic isa straightforward relationship [T 
he girth of a graph. 


aerem 14.15 If G is connected, n- 
has girth g, then n < 1 + g/2. 


of length n with specified initial 


+ + p, and u is any point other than v,—1 adjacent 
- - p,u is called a successor of W. If W terminates 
W has no Successor. For this reason, it 
that Gisa graph with no endpoints. We 
p. 60] for n-transitivity. 


h with no endpoints. If W is an 
m W onto each of its 


20, p. 61] between n-transitivity 
oints 


transitive, is not a cycle, has no endp 


Fig. 14.11. The Heawood graph. 
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Using Theorem 14.14, it can be shown that the Heawood graph in 
Fig. 14.11 is 4-transitive. Furthermore, it is easily seen from Theorem 14.15 
that this graph is not 5-transitive. 

There are regular graphs called “cages” which are. in a sense, even more 
highly symmetric than n-transitive graphs. A graph G is n-unitransitive* if it is 
connected, cubic, and n-transitive, and if for any two n-routes W, and Wa 
there is exactly one automorphism « of G such that aW, = W,. An n-cage, 


n> 3, 2 abe graph of girth n with the minimum possible number of 
points. Information about cages is resented i > ment 
[T20, pp. 71-83]. P in the next state 


é . [7 
Fig. 14.13. The 8-cage is the union of the above subgraphs as Miel 
al . 


* Called n-regular in [T20, p. 62]. 
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Table 14.4 
THE KNOWN CAGES 
Y The n-cage n The n-cage 
a K, (shown in Fig. 2.1) 6 Heawood graph (Fig. 14.11) 
E K; 3 (Fig. 2.5) 9 McGee graph (Fig. 14.12) 
EN Petersen graph (Fig. 9.6) 8 Levi graph (Fig. 14.13) 


n > 3. Forn = 3 to 8 there is 
unitransitive for some t = t(n), 
= 4, and 1(8) = 5. 


Th 

a come 14.16 There exists an n-cage for all 

RM n-cage. Each of these n-cages is t- 
ely, 13) = 2, (4) = 1(5) = 3, (6) = (7) 


A the known cages are now specified. 
here are no n-transitive cubic graphs forn > 5, hence no n-unitransitive 


Ones: : ES 
a see Tutte [T8]. However, there are other n-unitransitive graphs, 
S 3, in addition to the cages. In particular, Frucht [F11] constructed 


l-unitransitive graph of girth 12 with 432 points, the cube Q, and the 
Coxeter [C10] found 3- 


une thedron (Fig. 1.5) are 2-unitransitive, and 3 
Ehe graphs other than the 4-cage and 5-cage. One of these is 
In Fig. 14.14. 
Der, This graph is a member of a class of graphs defined in [CH3]. For any 
dee tation a in Sp the a-permutation graph of a labeled graph G is the 
a of two disjoint copies Gi and G, of G together with the lines joining 
S m V; of G; with vau) of G2: Thus Fig. 14.14 shows a permutation graph 
€ cycle C,,. The front cover of this book shows all four permutation 
8raphs of GA id 


Fig. 14.14. Another 3-unitransitive graph. 
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EXERCISES 
14.1 Find the groups of the follo 
(d) K, [Ko], (e) K¿u Cy. 


142 Ifa connected graph G has a 
is prime. 


wing graphs: (a) 3K, (b) K, + Ca, (c) Kam 


Point which is not in a cycle of length four, then G 
(Sabidussi [S2]) 


(Sabidussi [S3]) 
points in a graph whose group is isomorphic 
= n and n prime are 
a) c2) = 2, and 27) = 2° + 6whenr > 1. 

b) e(n) = n + 2n forn = 3,5, 
€) e(m) =n +. forn > 7, 


[Note: c(m) can be calculated when m is not a prime Power, but the expression iS 
complicated.] 


(R. L. Meriwether) 


to C,. Then the values of c(m) for m 


à cycle or its complement. What ist 


= A, or C,. And when p 2 T 
» (Kagno [K1], Harary and Palmer [HP10] 


05,n23, 
a) with n points is K,, 


b) with n + 1 Points is Kj 

€) with n + 2 points is Ky + Kin 
14.15 Given a finite ) be the graph obtained by Frucht's Theorem. 
Then every nonidentity automorphism 


(Harary and Palmer [HP2]) 
14.17 Every connected, point i 


14.18 A starred polygon is 


Al . MOD U, 
f ng a spanning cycle v, v; --: Up 1 
such that whenever the line v 


Un «4 IS in G, so are all 


‘ lines viv; where j — i = n(mod p A 
connected graph with a prime number p of points is Point-symmetric if and only if it is 
a starred polygon. (Turner [T4]) 
14.19 Prove or disprove the followi i 


wing eight state 


ments: If two graphs are point- 
are their join, pr 


symmetric (line-symmetric), then so ‘oduct, composition, and corona. 
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14. E 
20 Every symmetric, connected graph of odd degree is 1-transitive. 
(Tutte [T20, p. 59]) 


ansitive for some n. 
(Tutte [T20, p. 63]) 


‚oint-group and line-group ofa 
(Harary and Palmer [HP15]) 
K,3+%K,-% 


14.2 5 
i Every symmetric, connected, cubic graph is n-tr 


14.2; i 
"a 2 Find necessary and sufficient conditions for the p 
d Dh to be identical. 
» i 
A x If G is connected, then T(G) = T(L(G)) if and only if G # Kz 
E x (Whitney [W11]) 
S If G is point-symmetric, then if T(G) is abelian, it is a group of the form 
l2: Sie + Sy. (McAndrew [M8]) 
"d The only doubly transitive graphical permutation gro! 
are Let 4 and B be two permutation groups acting on the sets X = {x1 %y xj 
ce Tespectively. The exponentiation group, denoted [B]^, acts on the functions 
in Or each permutation a in A and each sequence of permutations fli Ba, ***> Ba 
EUR rds a unique permutation [&; Bi, f ^7" B,J in [E]^ such that for x, in X 
n 


up of degree p is Sp. 


[65 Fi Ba» "> Bal fxd = B. f (ax. 


Th - ; 
en the group of the cube Q, is [52] ^" and the jine-group of Ky, is [Sn] 
(Harary [H18]) 


* 
1 ; 
4.27 There exists a unique, smallest graph of girth 5 which is regular of degree 4. It 


ha; z 
5 19 points and its group is isomorphic to the dihedral group D12: 
(Robertson [R18]) 
1 
Tn Let G be a triply connected planar (p, q) graph whose group has order s. Then 
tS an integer and s = 4q if and only if G is one of the five platonic graphs. 
(Weinberg [w8], Harary and Tutte [HT4]) 
1429 : n 
= The ined from symmetric groups by the operations 
o group of any tree can be obtained Ir y! b 
f sum and Kan xd t (Pólya [P5, p. 209]) 
14, > a 
thee A collection of p — 1 transpositions (u; vı} (uz vj) ^: on p objects generates 
h with p points and the p — 1 lines uw; is 
(Pólya [P5]) 


s l ) 
8 treg Metric group S, if and only if the grap 


1431 
ite | The o-permutation graph of a la 


is à 
tha, . CUterplanar and can be drawn IN 


ted graph G is planar if and only 
a cyclic labeling of its points so 
(Chartrand and Harary [CH3]) 


beled 2-connec! 
the plane with 


TS 
"1439 1 in the dihedral group Dp: es à 
An 5 : ism from G into 18sell. e semigroup 

oj end a homomorp E j 3 s 
Z Y graph is ho. plein o ES its endomorphisms. Every finite semigroup with unit 
$ enhon graph: (Hedrlin and Pultr [HP23]) 


0; . 
nes oe with the semigroup of some 
Points, ph having on 


ly the identity endomorphism has 8 


T i: 
he smallest nontrivial Bra (Hedrlin and Pultr [HP24)) 


CHAPTER 15 


ENUMERATION 


S. 
How do I love thee? Let me count the way: 


n G 
ELIZABETH BARRETT BROWNIN 


graphical enumeration theory were’ Cayley, Redfield, and Pélya. In fach 


$ 5 2 re 
, all graphical enumeration methods in current use We 
anticipated in the uniqu 


unfortunately overlookei 


. é S. 
easiest enumeration Problems, those for labeled gr an é 
We then present Póly. eration theorem and use it to deri 


LABELED GRAPHS 
All of the labeled graphs wi 


see that the 4 different graphs with 3 
graphs. To obtain the rumbe 


p 
"Theorem 15.1. The number of labeled graphs with p points is 2), 


178 
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ovi e 

3 — — — —-9 Ds Da Us 

ev 
2 vi v, on 
Ue 
eb; va ov; ba Us CA Us 
ch v: 
[T] Da Da Us 


Fig. 15.1. The labeled graphs with three points. 


Corollary 15.1(a) The number of labeled (p, q) graphs is 
E) 
vi 
q 
e corresponding result for trees: 
P-2_ Since 1889, when Cayley's 


been found for obtaining his 
of these various methods of 


ian among these 16 labeled trees, 
sine.’ The order of MPa) is 2 an 
Ce p — 4 here, we have 12 = 41/F(Ps) and 4 = 4M|T(K, 4). The 


dene 
/ 


Fig. 15.2. The labeled trees with four points. 
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S, 
izati i holds not only for trees, 
d generalization of these two observations ) 1 
es ha graphs, digraphs, relations, and so forth ; see [HR1] and [HPR!] 


i i led 
Theorem 15.2 The number of ways in which a given graph G can be labe 
is p'/T(G. 


Aa 
Outline of proof. Let A be a permutation group acting on the set X ec. 
For any element x in X, the orbit of x, denoted (x), is the subset i B, 
consists ofall elements y in X such that for some permutation a in A, ir 
The stabilizer of X, denoted A(x), is the subgroup of A which ap A E. 
the permutations in A which leave X fixed. The result follows fr 


wc inter 
application of the well-known formula l6(x)| - |A(x)| = JA] and its in 
pretation in the present context. 


POLYA'S ENUMERATION THEOREM 


A ; : its 
Theorem 15.3 Let A be a permutation group acting on set X with orbi 
0,05, On and let w.b 


it. 
-be a function which assigns a weight to each a 
Furthermore, w is defined on X so that w(x) = w(0,) whenever x e 0j. T 
the sum of the weights of the orbits is given by 


MY WA) - Y. Y wj (151) 


acd x-ax 
Proof. We have already seen that the ord I he 
LA(S)! - 10(<) for any x in x, Where A(x) is the stabilizer of x. Also, since t 
weight function is Constant on the elem i i 


X€6, 


Combining these facts, we find that 
|A| w8) = Y |4(x) W(x), 


xeb; 
Summing over all orbits, we have 


for each orbit 6,. 


IA E wO) = Y. Y lao] wi, 
[wt i=1 xe, 
from which (15.1) follows readily. 
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The conventional form of Burnside's Lemma can now be stated as a 
il to this theorem. For a permutation a, expressed as a product of 
isjoint cycles, let j,(x) denote the number of cycles of length k. 


Corollary 15.3(a) (Burnsides Lemma) The number N(A) of orbits of the 
Permutation group A is given by 

1 E 

TT Y A9. 


NA = 14 2 


. Let A be a permutation group of order m and degree d. The cycle 
index Z(4) is the polynomial in d variables a,, a5, , 44 given by the 


formula a 


Z(A) = xe Y Hero. (15.2) 
[Al ged k-1 


Since, for any permutation a, the numbers j, = jy (a) satisfy 
1j + Yo + + dja = d, 


they constitute a partition of the integer d. It is useful to employ the vector 
notation (j) = (j,, ja ***> jj) in describing a. We note that this method of 
*Xpressing partitions differs from that used in Chapter 6; for example, the 
Partition 5 = 3 +1 + 1 corresponds to the vector (j) = (2, 0, 1, 0, 0). 
The classical counting problems to which Pélya’s Theorem applies all 
ave the same general form. Let there be given a domain D. a range R, and 
a weight function w defined on R. To illustrate with a particular weight 
function, let w assign to each re R an ordered pair w(r) = (w,r, war) of 
nonnegative integers. The objects to be counted will then appear as functions 
Tom D to R, To complete the statement of the problem, we need to stipulate 
When two functions in R? are considered thesame. This is done by specifying 
s Broup A which acts on D, so that two functions are equivalent when they 
are in the same orbit of E4, where E is the identity group of degree |R|. 
We digress for a moment to illustrate these ideas with the "necklace 
Problem.” Consider necklaces which are to have say 4 beads, some red and 


*ome blu klaces are regarded as equivalent if they can be 
bur of the colors of their beads. Here the 


the beads are to be put, the range Ris 
i 21 i t of one 

and a function fe RP is an assignment. 

klace. In this example, A is the dihedral 


t 
ee Set {red bead, blue bead}, 
n be taken as w(red bead) = (1, 0) 


i to each place, giving à nec 
and ty 4, and the weight function W Cà 
W(blue bead = (0, 1). 
ollowing the OE terminology of Pólya, domain Busch are 
Places. Tange elements are figures functions are configurations, an the 
o mutation group A is the configuration group. We assign a weight W(f) 

Sach fe RP by the equation 
(15.3) 


vif (a) yz f (4), 
Wf) = TI» y 
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It is easy to see that each function in a given orbit of RP under E^ has as 
same weight, so that the weight of an orbit can be defined as the weight 0 
any function in it. ) 7 f 

Suppose there are Cmn figures of weight (m, n) in R and C,,, orbits 
(equivalence classes of configurations) of weight x"y" in RP. The figure 
counting series 


xy) = Y Cop xy" (15.4) 
enumerates the elements of R by weight, and the configuration counting 
series C(x, y) = Y C, ny (15.5) 


is the generating function for equivalence classes of functions. Pólya's 
Theorem [P5] expresses C(x, y) in terms of c(x, y) 

If in (15.2) we write Z(A) = Z(A;a, az, - 
h(x, y), we define 


**, 44), then for any function 


Z(A, hix, y)) = Z(As W(x, y), hG8, y3), =>, not yn) — (159 
Theorem 15.4 (Pólya's Enumeration The 

series is obtained by substitutin 
index of the configuration 


orem) The configuration Couey 
g the figure counting series into the cycle 
group, 


C(x, y) = Z(A, c(x, y). (15.7) 


the representation of £, so that il 
same image under f. Converse n 
ation x have the same image under 


pendently selecting 


a and setting f(b) = r for all b permut 


(m, n) where m = wırandn = w;rand 
a factor of E, (x"y^Y to the sum E 


LY = ax, yh, 


we have, for each in A, 


s 
È Wf) = k ky) 
f-àf I c $ ») à 
Summing both sides of this equation over all permutations a in A e 
equivalently over all & in E^) and dividing both sides by |A] = |E“ W 
obtain 
1 


1 s 
E PS si 158) 
ig, 2, O TR Y eo ye. 
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The right hand side of this equation is Z(A, c(x, y). To see that the left 
hand side is C(x, y we apply the version of Burnside's lemma given in 
Theorem 15.3. First note that for the power group E^, the sum of the weights 
Of the orbits is given by 


Y wO) = X Cm" y" = Cl, y) (159) 


i=1 
But it follows at once from (15.1) that the left sides of (15.9) and (15.8) are 


equal, so that Z(A, c(x, y) = C(x, y), proving the theorem. 
Returning to the necklace problem with four beads mentioned above, 


We note that the cycle index of the dihedral group D, is 


Z(D4) = Hat + 2aja, + 3a3 + 2a4) (15.10) 


and the figure counting series is c(x, y) = xly? + x9y! =x + y. Sub- 
Stituting x + y into (15.10) in accordance with (15.6), we obtain 


Z(D,, x + y) = Hee + y)* + Ax + XY? + y?) 
+ 3(x? + y?)? + Ax* + y) 
= xt + x3y + 2x2y? + xy? + y*. (15.11) 


The Coefficient of x”y” in (15.11) is the number of different necklaces with 
Ur beads, m red and n blue. The 6 different necklaces are shown in 


ig. 15,3, 
All req d All blue 
Fi 
gure 15.3 The 4-bead, two-color 
necklaces. 


Incidentai] ces can also be counted by using 1 + x as the figure 
punting las + y. In this case a gu bead p ‚weight 3 ds 
cs Dead weight 0. Then in Z(Dy 1 +) = X^ +x + her Kress 
4 ficient of x” is the number of necklaces with m red beads and a 
fi — ™ blue ones: compare (15.11). As we shall see in the next en y e 
saure Counting ei 4- xplaysan important rolein enumeration pa b a 
RNS X^ indicates absence ofa figure and x’ presence. The N r 
Sy © following consequence [H31] of Pólya's Theorem: An 


I5 à subset with exactly n elements. 


SES 15.4(a) If A isa permutation group acti 
S Of n-subsets of X induced by A is the coe 


ng on X, then the number of 
fficient of x" in Z(A, 1 + x). 
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In applications of Pólya's Enumeration Theorem, certain permutation 
groups occur frequently. The formulas for the cycle indexes of the five 
important permutation groups listed in Table 14.2 are now given. In (15.12) 
and (15.13), the sum is over all partitions (j) of p. In (15.14), &(k) is the 
“Euler ¢-function,” the number of positive integers less than k and relatively 
prime to k, with d(1) = 1. 


1 p! , 
ZS.) m —Yy ——L— alt ab --- alo (15.12) 
I MN 


A e] 
Ad) = oo rar a (15.13) 
1 
Z(C) = E oap" (15.14) 
klp 
1 Aa,a(- 2 odd 
Z(D,) = = Z(C eet 29444 545) 
(D) 2 (C) + (ee + ajalp- 2/2), p even P 
Z(E,) = a? (15.16) 


There are several very useful formulas which give the cycle indexes of 
the binary operations of the sum, product, composition, and power group 9 
Aand Bin terms of Z(A) and Z(B). They are given in equations (15.17)-(15.22) 
and appear in [H31]. By Z(A)[Z(B)] we mean the polynomial obtained by 
replacing each variable a, in Z(A) by the polynomial which is the result O 
multiplying the subscripts of the variables in Z(B) by k. 


ZA + B) = Z(A)Z(B). (15.17) 
il de 
ZA x B) 2 —— rss) je (a) ja) 5.18) 
a 1 ma E 
where d(r, s) and m(r, s) are the g.c.d. and Lem, respectively. 
Z(A[B]) = Z(4)[Z(B)]. (15.19) 


1 
ZB) == (ap) 
ZELE M (15.20) 
where (x; f) = f* and 


d he(a) 
Jis B) = TT E zo (15.20 
and fork > 1 n za k 
Ja; B) = k D «(Bes fr) (15.22 


with y the familiar number-theoretic möbius function.* 


* By definition y(n) 


h case 
un) = (—1)*. 


= 0 unless n is the product of distinct primes py, ***, p, in whic 
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pow u how to obtain the polynomial g,(x) which enumerates 
s with a given number p of points. Let be the number of 

Braphs and let Mer en à ids 


G(x) — E gsx (15.23) 
q 
By inspection of all graphs with 4 points, one easily verifies that 
galx) = 1-b x + 2x? + 3x? + 2x* + X5 + xS, (15.24) 


Et V = {1, 2, +-+, p} and let R = (0, 1). We denote by D — V? the 
me ction of subsets {i j} of distinct elements of V, that is, of 2-subsets of V. 
kee n each function f from D into R represents a graph whose p points 
Th the elements of V, in which i is adjacent with j whenever f {i j} = 1. 
2b us the image of (i, j} under fis 1 or 0 in accordance with the presence or 

Sence of a line joining i and j. The weight function w on R is defined by 
(0) = 0 and w(1) = 1, so that it is the identity function. Hence the figure 
Counting series is c(x) = 1 + X Specializing (15.3) to one variable, the 


Weight of a function fis given by 
W(f) = x E WE) 


in V, Thus the weight of function 


(15.25) 


Where the sum is taken over all pairs {i j} 


fis the number of lines in the graph corresponding to f- 
n Rand let S, act on V. We 


d Now let E, be the identity group acting O | 

denote by $2) the pair group which acts on V? whose permutations are 

Induced by S. . That is, for each permutation « in S,, there is a permutation 

% in S@ such that «fi, j} = (ai a}: Applying Pólya's theorem to the 

ture ation group SQ), we have the next result, also due to Pólya; see 
1]. 


Theorem 15.5 The counting polynomial for graphs with p points is 


Z(SQ,1- x (15.26) 


Where gro) = 
Zi?) = BM pl - TT nic (15.27) 
P p'tn Ig. Jk! e^ ea 


I(p— 1/2] (21 (ie (r,S)irde 
jak +t a) ad: jf xa 
k-0 au u ; 2 j t 
e A derivation of (15.27) is also given in [H31, p. 38). In Appendix I, the 
Tiber of (p, q)-graphs is tabulated through p — 9. 


Simila A btained which enumerate rooted 
rc ave been obtal 
WD of graphs have also been 


8taphs 5 
and connected graphs. Various classes j : 
enumerated by rn of this method. These include directed 
j We illustrate some of these 


a ; 
Phs, Pseudographs, and multigraphs. 
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enumeration formulas by describing how they follow readily from the 
preceding theorem. First to enumerate rooted graphs, it is necessary to fix 


the root point and regard the remaining p — 1 points as interchangeable 
before forming the pair group. 


Corollary 15.5(a) The counting polynomial for rooted graphs with p points 
is 


rox) = Z(S, + 8, 1), 1 + x). (15.28) 


When there are at most two lines joining each pair of points, we need 
only replace the figure counting series for graphs by 1 + x + x?. 


Corollary 15.5(b) The counting polynomial for multigraphs with at most 
two lines joining each pair of points is 


gax) = Z(S, 1 + x + x?) (15.29) 


For arbitrary multigraphs, the figure counting series becomes 


iSi a cis, 
1—x 
Corollary 15.5(c) The counting polynomial for multigraphs with p points is 
m,(x) = Z (se 4). (15.30) 
1-x 


The enumeration of di 


graphs [H11] is also accomplished, as for graphs. 
by finding a formula for 


the cycle index of the appropriate configuration 
group and applying Pólya's theorem. For digraphs, we need to use the 


reduced ordered pair group, denoted SÜl As before S, acts on 
V = {1,2,---, p}. By definition, S?! acts on VU the ordered pairs of 
distinct elements of V, as induced by $,. Thus every permutation « in Sp 
induces a permutation a' in SÍ such that a'(i, Jj) = (ai, aj) for (i, j) in ye. 
Applying Pólya's theorem to the cycle index of SU) obtain d,(x), the 


polynomial in which the coefficient of x? is the number of digraphs with 4 
directed lines. 


Theorem 15.6 The counting polynomial for digraphs with p points is 


d(x) = Z(S 1 + x), (15.31) 
where 
Zi?) = = 2 RZ. 1 afk- Dice 2K (A) iris dlrs) (15.32) 
P! iy Ufa Aa et Amirs) c 


lsr<ssp-1 


Of course this theorem has corollaries analogous to those of Theorem 
15.5; 
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is II includes a table for the number of digraphs with p < 8 
s. 
us i ougiesonled trees and trees were counted much earlier than graphs, 
Du numeration of graphs was presented above because of the simplicity 
€ figure counting series, viz. 1 + x. We will see that for tree counting 
purposes, the most useful figure counting series is the generating function 
rooted trees themselves. 


ENUMERATION OF TREES 


z Order to find the number of trees it is necessary to start by counting 
SEN trees. A rooted tree has one point, its root, distinguished from the 

ers. Let T, be the number of rooted trees with p points. From Fig. 15.4 in 
Which the root of each tree is visibly distinguished from the other points, we 
See that T, = 4. The counting series for rooted trees is denoted by 


T(x) = » TX: (15.33) 
p=1 


We define t, and t(x) similarly for unrooted trees. 


Fig, 
B- 154, The rooted trees v X W 


with four points. 
C A recursive type of expression for counting rooted trees was found by 
ayley [C2]. 


“orem 15.7 The counting series for rooted trees is given by 


T(x) = x[a x). (15.34) 


form expressing T(x) in terms of 
en manipulating power 
first obtained by Pölya 


à. tt is possible to convert (15.34) into a 
xn by taking the logarithm of both sides and 6 
[Bs] pPPropriately This leads to (15.35), a resu 
Y exploiting his enumeration theorem. 
rem 158 The counting series for rooted trees satisfies the functional 


Quation 
(15.35) 


COM 
T(x) = x exp e T(x). 
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Furthermore £ (q* — s;) is the number of trees having n points which E- 
rooted at a line, not a symmetry line. Consider a tree T and take any M 
y of T which is not a symmetry line. Then T — y may be regarded as B 
rooted trees which must be nonisomorphic. Thus each nonsymmetry lin 
ofa tree corresponds to an unordered pair of different rooted trees. Counting 
these pairs of trees is equivalent to counting 1-1 functions from a set of two 
interchangeable elements into the collection of rooted trees. Therefore We 
apply Theorem 15.10 with T(x) as the figure counting series to obtain 


y E ar 5)] = Z(4; — S, T(x). (15.43) 
(es 


n=1 


Since Z(A,) = aj and Z(S,) = Ha? + a3), we have 
Z4; — Sa, TO) = 4 T*(x) — T(x2)]. (15%) 
Now the formula in the theorem follows from (15.42)-(15.44). 


Using (15.35) and (15.41) we obtain the explicit numbers of rooted and 
unrooted trees through p = 12 


> 


Tx) = x + x? + 2x3 4 Ax* + 9x5 4 9046 + 48x7 


+ 11Sx% + 286x? + 719x19 4 1842x!! + 4766x!2 ++" 


(15.45) 
Ux) = x + x? 4 x9 4 2x4 4 3x5 + 6x6 + 11x7 + 23x8 


+ 47x? + 106x10 4. 235x11 4 55112 Fue (15.46) 


€s, and planted trees respectively. 
Theorem 15.12 Homeoniorphically irreducible trees are counted by the 
three equations, 
y x? = Hv) 
Ax) = = 1 
(x) pgs» = (15.47) 
ER 1 
HG) = Fix) — UP) — pus] Ui 


Mo) = HG) ~ S H^) — ges] (1549) 
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The number of homeomorphically irreducible trees through 12 points is 
found to be: 
h(x) = x + x? + xt + x5 + 2x0 + 2x7 + 4x8 + 5X? 
+ 10x!9 + 14x1! + 26x!? + (15.50) 


Let u(x) and U(x) be the counting series for identity trees and rooted 
trees for which the automorphism group is the identity group. 


Theorem 15,13 Identity trees are counted by the equations 


U(x) = x exp SS zen, (15.51) 


u(x) = U(x) — 3EU* 69 + UG. 
The number of identity trees through 12 points is given by 


(15.52) 


WX) = x ox! xt Sx? + 6x!° + 15x11 + 29x17 Fi (15.53) 


POWER GROUP ENUMERATION THEOREM 
There is a class of enumeration problems which can be solved using a power 
group as the configuration group. Consider the power group B^ acting on 

. The number of configurations (equivalence classes of functions deter- 
mined by B4) can be derived from Pólya's Theorem as shown in [HP8], 
and was discovered by deBruijn [B18] and [B19] in another formulation. 
The equation (15.54) given by the next theorem can be readily modified to 
Count functions with respect to their weights. 


Theorem 15,1 E ration Theorem) The number of 
14 (Power Group Enume x 0 
*quivalence e of functions in R? determined by the power group B^ is 


NGA = E Y Zi m) mh» md) (15.54) 
AR ie (15.55) 
m,(B) = DE ys 
sik 


„ To illustrate, we consider once 2, ecklace problem ia 
18. 15.3, but hae we allow the two colors a, b of beads Car SS js n 
to be interchangeable. Clearly the number of necklaces mat ads o ye 
interchangeable colors is N(SD»), the number of orbits of 5 a group 

2*. For the identity permutation (aX) of $2 We have from (15.55) 


m(aXb) = 2 l 

for all k iti b) in Sz mil(ab)) is 0 or 2 according as k is 
: tion (ab) in 52; Mx c 

d or er the ee SM see that the number of necklaces with 


gain the n 
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interchangeable colors is 


2[2(D,;2,2,2,2) + Z(D,: 0, 2,0,2)]. 


By substitution in formula (15.10) for Z 


(D4) we find that the number of such 
necklaces is 4. This calculation is easi i 


Theself-complementary graphs with 4and 5 pointsare shown in Fig. 2.13. 


The result of Read [R5] for the number s, of self-complementary graphs with 
P points is easily obtained from the Power Group Enumeration Theorem. 
For this purpose we define a new equivalence relation ~ for graphs with 
p points, namely G; ~ G, ifG, x 6,076, = G,. Let c, be the number of 
such equivalence classes of graphs with p points, Since we are dealing with 
graphs on p points, we take 4 — S2? acting on D®, Because a graph and its 
,complement are equivalent we let B= S; act on R = {0, 1}. Then under 
the power group B^, two functions fi and f from D? into R are equivalent 
whenever they represent the same graph or one represents the complement 


of the other. We have already seen the result of applying (15.55) to the 
Permutations of S,. Hence we have 


Cp ASP; 2, 2, 2, 2,- 


O*269:0202.). (550 
But since s, — 2c, — gy, we have the following formula obtained by Read. 
Theorem 15.15 The number Sp of self-complementary graphs on p points is 


$= 265502 0, 2,-- ), (15.57) 
Finite automata have also been coun i up 
y c ted using the Power Gro 
Enumeration Theorem by Harrison [H34] and RENE Palmer [HP12]. 
The groups for this Problem are Subgroups of the product of two powe! 
groups. 


Table 15.1 resent, i i n 
problems and is so titled, ap tri list of unsolved graphical enumeration 


$ so titled. All of these Problems can, of course, be propose 
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Tsble 15.1 
= UNSOLVED GRAPHICAL ENUMERATION PROBLEMS IV 
ategor 
= y Enumerate 
igraph Strong digraphs 
Unilateral digraphs 
Digraphs with a source 
Transitive digraphs 


Digraphs which are both self-complementary and self-converse 


Ti u. 
Taversability Hamiltonian graphs 
Hamiltonian cycles in a given graph 
Eulerian trails in a given graph 


Topological Simplicial complexes 
k-colorable graphs 
Planar k-colorable graphs 
Rooted planar graphs 
Edge-rooted plane maps 
Plane and planar graphs 


S; 
ymmetry Symmetric graphs 


Identity graphs 
Graphs with given automorphism group 


Applicat; 7 
Pplications Even subgraphs of a labeled 3-lattice 
Even subgraphs of a labeled 2-lattice with given area 


Even subgraphs of a given labeled graph 
Pavings of a 2-lattice 
Animals 


Miscellaneous Line graphs 
Latin squares 
Graphs with given radius or diameter 

Graphs with given girth or circumference 

Graphs with given connectivity 

Graphs with given genus, thickness, chromatic number, etc. 


fo; 

ca beled graphs as well, and several o 
* A few additional definitions & r 
the mathematician 
of suitable parameters. Definitions 

d in the next chapter. 
f tig ttt [T15] studied the enu of plane maps rooted in the 
IE way to destroy any SY sent. An edge- 
Plane map is obtained 
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edge and by then designating one of the two faces incident with this edge 
as the exterior face of the map. n 
E 2 2-lattice is a graph whose points are ordered pairs of integers as 
where i = 0,1,---, mand j = 0,1,---, n; two of these points are ate 
whenever their distance in the cartesian plane is 1. A 3-lattice is de "e 
similarly. An even subgraph H ofa graph G is one in which every point 
even degree. Thus every even subgraph of a 2-lattice has a certain à 
the number of squares contained in its cycles. ice 
By a paving of a 2-lattice is meant a covering of the squares of the la aa 
by a given number of single unit squares and double squares like domin 4 
Of course larger and more complicated paving problems can be propose le 
There are three kinds of cell growth problems, one each for the er. 
the square, and the hexagon, the only three regular polygons which can pes. 
the plane. Then an animal is a simply connected configuration contain! 
a given number of triangles, Squares, or hexagons; see [H32, pp. 33-38]. il 
We include here a comprehensive list of solved problems (which WA 
inevitably be incomplete) in the hope that unnecessary duplication be 
combinatorial effort will be minimized. References are given to pape 


e 
where solutions are reported ; unpublished solutions are credited only bY th 
name of the (eventual) author. 


re 

These solved problems (Table 15.2) 2 

divided into four Categories: trees, graphs, digraphs, and miscellaneous. 
Table 15.2 


SOLVED GRAPHICAL ENUMERATION PROBLEMS 


Trees 


Trees 

Labeled trees 

Rooted trees 

Rooted trees with given height 
Endlessly labeled trees 

Plane trees 


Pólya [P5], Otter [08] 

Cayley [C6], Moon [M15] 

Polya [P5] 

Riordan [R16] 

Harary, Mowshowitz, Riordan [HMR!] 


Plane trees with given partition 
Homeomorphically irreducible trees 
Identity trees 

Trees with given partition 
Trees with given group 

Trees with given diameter 
Directed trees 

Oriented trees 

Signed trees 

Trees of given strength 

Trees of given type 
Block-cutpoint trees 

Colored trees 

Forests 


Harary, Prins, Tutte [HPT1] 
Tutte [T18], Harary, Tutte [HT2] 
Harary, Prins [HP20] 
Harary, Prins [HP20] 
Harary, Prins [HP20] 

Prins [P8] 

Harary, Prins [HP20] 
Harary, Prins [HP20] 
Harary, Pring [HP20] 
Harary, Prins [HP20] 
Harary, Prins [HP20] 
Harary, Prins [HP20] 
Harary, Prins [HP20] 
Riordan [R14] 


Harary, Palmer [HP16] 
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Graphs 
Graphs R RE d 
Pólya [H11], Davis [D1 
em graphs Harary [H D pa 
Gra poled graphs Harary [H31] 
Carns rooted at an oriented line Harary, Palmer [HP1] 
ae graph Riddell, Uhlenbeck [RU1], Harary [H11] 
Gra PE Harary [H11] 
Gath of given strength Harary [H11] 
See is of given type Harary [H11] 
Self ning subgraphs and supergraphs of G Harary [H13], [H14], [H19] 
ell -complementary graphs Read [R5] 


Harary [H10], Harary, Palmer [HP13] 
Riordan [R15, p. 147] 

(R. W. Robinson) 

Parthasarathy [P2] 


Signed graphs 
Unicyclic graphs 
culerian graphs 
Taphs with given partition 


su a dographs with given partition Read [R3] 
nesr posed graphs Read [R3] 
Perposed graphs with interchangeable 
c colors Palmer, Robinson [PR1] 
UE graphs (R. W. Robinson) 
Onseparable graphs (R. W. Robinson) 
picolored graphs Robinson [R19] 
lIcolorable graphs Harary, Prins [HP21] 
C Be-rooted triangulated maps Tutte [T14] 
act Harary, Norman [HN2], Harary, 
Graph Uhlenbeck [HUI] m 
‘aphs with given block: Ford, Norman, Uhlenbec! 1 
Block EE PE HIT Harary, Prins [HP22] 
Digraphs 
Digraphs 7 Harary [H11], Davis [D1] 
Kr connected digraphs Harary [H11] 
Sar complementary digraphs Read [R5] 
f-converse digraphs Harary, Palmer [HP9] 
Tented graphs Harary [H16 [HPs] 
Tlentations i Harary, Palmer 
of a given graph 3 
o maments Er Davis S 
Tong tourn: Moon [M1 
La led ne raphs Evans, Harary, Lynn [EHL1] 
E Harary, Palmer [HP7] 


'Éraphs with gi iti 
i given partition 
e aphs with all points of outdegre® 1 
F Yelic digraphs (R. W. Robinson) 
pubctional digraphs Tasg Tum en Smith, Tutte 
erian trails ina gi s de Bruijn, Ehrentes , 2 
rails in a given digraph [ST!] 
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R ; e 
edge and by then designating one of the two faces incident with this ed 
as the exterior face of the map. 4 ii) 

A 2-lattice is a graph whose points are ordered pairs of integers d 
where i = 0, 1,---, mand j = 0,1,---, n; two of these points are ads A 
whenever their distance in the cartesian plane is 1. A 3-lattice is de m 
similarly. An even subgraph H of a graph G is one in which every point E 
even degree. Thus every even subgraph of a 2-lattice has a certain ar 
the number of squares contained in its Cycles. 

By a paving of a 2-lattice is mea 
by a given number of sin 
Of course larger and mo 

There are three kind 


j er 
the square, and the hexagon, the only three regular polygons which can coy 
the plane. Then an ani 


s ill 
prehensive list of solved problems (which W! 


A a i of 
in the hope that unnecessary duplication 
combinatorial effort will be mini 


Table 15,2 
SOLVED GRAPHICAL ENUMERATION PROBLEMS 


Trees tg 
Trees Pólya [P5], Otter [08] 
Labeled trees Cayley [C6], Moon [M15] 
Rooted trees Pólya [P5] 
Rooted trees with given height Riordan [R16] 
Endlessly labeled trees Harary, Mowshowitz, Riordan [HMRI] 
Plane trees am m Harary, Prins, Tutte [HPT1] 
Plane trees with Biven partition Tutte [T18], Harary, Tutte [HT2] 
Homeomorphically irreducible trees Harary, Prins [HP20] 
Identity trees Y Harary, Prins [HP20] 
Trees with given partition Harary, Prins [HP20] 
Trees with given group Prins [P8] 
Trees with given diameter Harary, Prins [HP20] 
Directed trees Harary, Prins [HP20] 
Oriented trees Harary, Prins [HP20] 
Signed irees Harary, Pring [HP20] 
Trees of given strength Harary, Prins [HP20] 
Trees of given type Harary, Prins [HP20] 
Block-cutpoint trees Harary Prins [HP20] 
Colored trees Riordan [R14] 
Forests Harary, Palmer [HP16] 
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Graphs 
Graphs A I 
Polya [H11], Davis DI 
Rooted graphs uet [H dh re 
Gn. rooted graphs — Harary [H31] 
CONS d at an oriented line Harary, Palmer [HP1] 
ideo Ride Uhlenbeck [RU1], Harary m11] 
a arai 
Graphs of given strength Harary lm y 
E of given type Harary [H11] 
dips subgraphs and supergraphs of G Harary [H13], [H14], [H19] 
ia graphs Read [R5] 
ipsae Harary [H10], Harary. Palmer [HP13] 
Eulen graphs Riordan [R15, p. 147] 
Gra lan graphs (R. W. Robinson) 
P phs with given partition Parthasarathy [P2] 
Su ographs with given partition Read [R3] 
S perposed graphs Read [R3] 
uperposed graphs with interchangeable 
Gace Palmer, Robinson [PR1] 
No c graphs (R. W. Robinson) 
k nseparable graphs (R. W. Robinson) 
Roe graphs Robinson [R19] 
Ede orable graphs Harary, Prins [HP21] 
c ge-rooted triangulated maps Tutte [T14] 
actı Harary, Norman [HN2], Harary, 


Uhlenbeck [HU] 
Ford, Norman, Uhlenbeck [FNU1] 


Sraphs with given blocks 
Harary, Prins [HP22] 


Block graphs 
Digraphs 
Digraphs Harary [H11], Davis [D1] 
RA connected digraphs Harary [H11] 
Sel -complementary digraphs Read [R5] 
©. f-converse digraphs Harary, Palmer [HP9] 
mented graphs Harary [H16] 
a aucng of a given graph Harary, Palmer [HP4] 
anlegt Davis [D2] 
trong tournaments Moon [M16] 


Evans, Harary, Lynn [EHL1] 


Labeled transitive digraphs 
Harary, Palmer [HP7] 


Digraphs with given partition 
"Epp Uf all points of outdegree2 (C. P. Lawes) 
cyclic digraphs (R. W. Robinson) 
ad [R4] 


EAE digraphs Harary [H23], Re 
erian trails in a given digraph de Bruijn, Ehrenfesi 


t [BEI], Smith, Tutte 
[ST!] i 
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Table 15.2 (continued) 


Miscellaneous 


Automata 

Necklace problems 

Algebras of various kinds 
Boolean functions 

Labeled series-parallel networks 
Periodic sequences 

Acyclic simplicial complexes 


Harrison [H34], Harary, Palmer [HP12] 

Harary [H31] 

Harrison [H35] 

Polya [P6], Slepian [S14] 

Carlitz, Riordan [CR1] 

Gilbert, Riordan [GR1] 

Harary, Palmer [HP17], Beineke, Moon 
[BM1], Beineke, Pippert [BP1] 


EXERCISES 

15.1 In how many ways can the graphs (a) K, + Ka, (b) K, x K, (c) Ky [Ka] 
be labeled? 

15.2 Write expressions for the cycle indexes of S3 +S, S3 x Sz, S3[S2], Ss}, and 
SS. 


15.3 There is an integer k such that Z(C,, 2) = 


Z(D,, 2) holds for all n < k and fails 
whenever n > k. Find k. 


1 
Z| Sm | 
( D ;) 
15.5 Calculate Z(S®) and gs(x). Verify this result using Appendix I. 
156 Finda Counting series for unicyclic graph 


s. (Riordan [R15, p. 147) 
157 Let g(x, y) xz, 9, (x)y" be the generating function for graphs and Jet c(% )) 
be that for connected graphs. Then 


g(x, y) = exp Y d y). 


r=1P 
[Note the similarity to equation (15.38).] 


158 Find the number of trees with P Points which are (a) planted and labeled. 
(b) rooted and labeled. 


15.9 Let G be a labeled graph obtained from K 
number of spanning trees of G is (p — 2yp»-2-r 
15.10 The number of rooted 
follows that 


p by deleting r independent lines. T 
) a (Weinberg [Wh 
trees satisfies the inequality Tr, < Ef, TT, x 


1/2n — 2 
TUS 08)) 
nS de y (Otter [' ] 
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15.11 Define the numbers RO by the equation Ry’ = RO, + Tayi- Then the 
number of rooted trees can be found using 
nasi = Y iT RO. (Otter [O8]) 


i=l 


15.12 Determine the number s, of self-complementary graphs for p = 8 and 9, both 


by formula (15.57) and by constructing them. 

15.13. Derive a counting formula for self-complementary digraphs. (Read [R5]) 
zu Let s, and $, be the numbers of self-complementary graphs and digraphs, 
espectively. Then San = $2, (Read [R5]) 
15.15 For any permutation group 4 with cycle index Z(A) as given in (15.2), the 
number of orbits of A is 


ô 
N(A) = 57 Z(A) 
= \ ĉa, alla, = 1. 
herefore the number of similarity classes of points in a given grap! 


tion group T(G) has the variables y, in its cycle index) is 


h G (whose permuta- 


0 
DAE Z(T(G)) 
Yi all y, e 1. 
blocks. If p* is the number 


1516 Let G be a connected graph with n similarity classes of 
points in blocks of the kth 


of dissimilar points of G and pt is the number of dissimilar 
Similarity class, then 
pt —1= (et - 0) 
kel 


Prove Theorem 15.9 as a corollary. (Harary and Norman [HN3)) 


CHAPTER 16 


DIGRAPHS: 


i ir, 
I shot an arrow in the at 
„where: 
It fell to earth I know not Wi P 
Li 
HENRY WADSWORTH LONGFE! 


Part we shall emphasize in this chapter RB. 
properties of digraphs which set them apart from graphs. Thus we a 
S of connectedness: strong, unilateral, m 
ional Duality Principle, we study matri 


hs. 
gue of the Matrix Tree Theorem for grap 
We close with a brief description of tournaments, 


DIGRAPHS AND CONNECT EDNESS 


Y Such pair (u, v) is called an are or directed m 
and will usually be denoted The arc up goes from u to v and is He 
u is adjacent to p and p is adjacent from i 
s the number of Points adjacent from it, 2 


so say that 
The outdegree od(v) of a point vi 


the indegree id(v) is the number 


€ Xp iS v; ,0,. The length of he 
ares in it. A closed walk has 


* In fact this has been done,[HNCI]. Most of the theorer 
book. Also Moon[ 


in that 
N ms in this chapter are proved in 
M16] has written a monograph on 


tournaments. 
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uto v, then v is said to be reachable from u, and the distance, d(u, v), from u to 
v is the length of any shortest such path. 

Each walk is directed from the first point v; to the last v,. We also needa 

concept which does not have this property of direction and is analogous to a 

. walk in a graph. A semiwalk is again an alternating sequence vo, Xy, Vi, °""> 
Xm v, Of points and arcs, but each arc x; may be either vj. ,v; OF ViVi- 1- A 
semipath, semicycle, and so forth, are defined as expected. 

Whereas a graph is either connected or it is not, there are three different 
ways in which a digraph may be connected, and each has its own idio- 
syncrasies, A digraph is strongly connected, or strong, if every two points 
are mutually reachable; it is unilaterally connected, or unilateral, if for any 
two points at least one is reachable from the other ; and it is weakly connected, 
Or weak, if every two-points are joined by a semipath. Clearly, every strong 
digraph is unilateral and every unilateral digraph is weak, but the converse 
Statements are not true. A digraph is disconnected if it is not even weak. We 
note that the trivial digraph, consisting of exactly one point, is (vacuously) 
Strong since it does not contain two distinct points. 

We may now state necessary and sufficient conditions for a digraph to 
satisfy each of the three kinds of connectedness. 

d only if it has a spanning closed walk, 


Theorem 16.1 A digraph is strong if an 
anning walk, and it is weak if and only 


it is unilateral if and only if it has a sp 
if it has a spanning semiwalk. 


Corresponding to connected components ofa 1 
different kinds of components of a digraph. A strong component ofa digraph 
isa maximal strong subgraph; a unilateral component 1s a maximal unilateral 
Subgraph; and a weak component is a maximal weak subgraph. It is very 
easy to verify that every point and every arc ofa digraph D is in just one weak 
Component and in at least one unilateral component. Furthermore each 
Point is in exactly one strong component, and an arc lies in one strong com- 
ponent or none, depending on whether or not it is in some cycle. 

The strong components of a digraph are the most important among 
these, One reason is the way in which they yield a new digraph which, 


graph, there are three 


Ss 
Sy Sa 


Sa 


Ss Fig. 16.1. A digraph and its condensation. 
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although simpler, retains some 


ma t 
Structural properties of the original. Le 
Si S2,***, S, be the strong co 


mponents of D. The condensation D* of a 
D as its points, with an arc from S; Mr 

arc in D from a point of S; to a point in Sj: 
(See Fig. 16.1.) 


T f 

She by applying the Principle © 

Directional Duality. In keeping with the use of D' to denote the converse 9 
i i l results, 


preceding results give 
provide several charac 


1. D is acyclic. 

2. D* is isomorphic to D. 

3. Every walk of p is a path. 
4 


- It is possible to order the points of p SO that the adjacency matrix A(D) 
is upper triangular. 
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Fig. 16.2. An out-tree and the converse in-tree. 


. . Two dual types of acyclic digraphs are of particular interest. A source 

In D is a point which can reach all others; a sink is the dual concept. An 
Out-tree* is a digraph with a source having no semicycles; an in-tree is its 
dual, see Fig. 16.2. 
Theorem 16.4 A weak digraph is an out-tree if and only if exactly one point 
has indegree 0 and all others have indegree 1. 
Theorem 16.4’ A weak digraph is an in-tree if and only if exactly one point has 
Outdegree 0 and all others have outdegree 1. 

We next consider some digraphs which are closely related to the above. 


A functional digraph is one in which every point has outdegree 1; a contra- 
functional digraph is dual, see Fig. 16.3. The next theorem and its dual 


Provide structural characterizations. 
Theorem 16.5 The following are equivalent for a weak digraph D. 


1. D is functional. 


2. D has exactly one cycle, c 
in which each weak component is an in-t 
3. D has exactly one cycle Z, and the removal of any arc of Z results in an 


in-tree, 


the removal of whose arcs results in a digraph 
ree with its sink in the cycle. 


A poi i i inimal collection of points from which all points 
point basis of D is a minima! int basisif and only 


arereachable. Thus, a set S of points ofa digraph D isa poi : hable 
ifevery point of Dis reachable from a point of $ and no point of Sisreacha 
Tom any other. 

Theorem 16.6 Every acyclic digraph has a unique point basis consisting of 
all points of indegree 0. 


* This is called an "arborescence" by Berge[B12, p. 13 
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Fig. 16.3. A weak functional digraph. 


Corollary 16.6(a) Every point basis o 
point from each of those stron 
basis of D*. 


f a digraph D consists of exactly om 
components in D which form the poin! 


A I-basis is a minimal collection S of mutually nonadjacent points such 


that every point of D is either in 
digraph has a point basis, but not 
no odd cycle has one. A criterion 


S or adjacent from a point of S. Ee 
every digraph has a 1-basis, For example, 


corollary, due to von Neuman 
in their study of game theory. 


Theorem 16.7. Every digraph with no odd Cycles has a 1-basis. 
Corollary 16.7(a) Every acyclic digraph has a 1-basis. 


DIGRAPHS AND MATRICES 


The adjacency matrix A(D) of a digraph D is the p x p matrix [a;;] will 
aij = lif vv; is an arc of D, and 0 otherwise, As the example in Fig. 16. 
shows, the row sums of A(D) give the Outdegrees of the points of D and the 
column sums are the indegrees. 

Asin the case of graphs, the powers ofthe adjacency matrix A ofa digraph 
give information about the number of walks from one point to another. 
ts Vi Vz Ly v, vs Rowsum 


ufo 0 0 0 0 0 
Du. 74 eU, 510110 3 
4D:vj|l10000 1 
[00100 1 
v Lo 0000 0 

Us Ls Column sum 22808990 


Fig. 16.4. A digraph and its adjacency matrix, 
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Theorem 16.8 The i, j entry aj? of A" is the number of walks of length n from 
v; tov je 


We mention briefly three other matrices associated with D, namely the 
reachability matrix, the distance matrix, and the detour matrix. In R, the 
reachability matrix, r;j is 1 if v; is reachable from v;, and 0 otherwise. The 
i, j entry in the distance matrix gives the distance from the point v; to the 
point v;, and is infinity if there is no path from v; to v;. In the detour matrix, 
the ij entry is the length of any longest path from v; to vj, and again is 
infinity if there is no such path. These three matrices for the digraph D 
of Fig. 16.4 are: 


Reachability Distance Detour 

Matrix Matrix Matrix 
10000 O's co, “00 “comico: 0 oo o © 0 
Jos y PA ELKO I OFTEN 3:900. A co 
1:30:41 +00 PR xoc 100 1! ^o: * 10: Fool Nico 
TOMOS ten: 2:3 co Ot Lt) tee) 20 EE OO 
00001 o © o o 0 o) o oo co 0 


Corollary 16.8(2) The entries of the reachability and distance matrices can 
be obtained from the powers of A as follows: 


(1) forall i ry = 1 and d; = 0. 
(2) rij = 1 if and only if for some n, aj? > 0. 
(3) dv, vj) is the least n (if any) such that af? > 0, and is oo otherwise. 

There is no efficient method for finding the entries of the detour matrix. 
This problem is closely related to several other long-standing algorithmic 
questions of graph theory, such as finding spanning cycles and solving the 
traveling salesman problem.* 

The elementwise product** B x C 
[ci] has bic; asitsi, jentry. The reacha 
Strong components. 

Corollary 16.8(b) Let v; be a point of a digraph 
containing v; is determined by the entries o. 
Of the matrix R x RT. 


of two matrices B = [b,j] and C = 
bility matrix can be useful in finding 


D. Thestrong component of 
f 1 in the ith row (or column) 


in a given digraph was found by Bott 


The number of spanning in-trees h was. 
Tutte [T9]. To give this result, called 


nd Mayberry [BM2] and proved Py 


» S dium " Y 4 " a 
(c Onsider a network N obtained from a strong digraph D by ES 
wane every arc of D. The traveling salesman problem asks for an er 
ian in N whereby the salesman can visit each point and return to 
3 ae arcs with a minimum total cost. 

Ometimes called the “Hadamard product." 


ositive Integer 
for finding a 
point while 
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0 
0 
vz va ue io 3:0 p a 
Is ini =f 2 4 
; M.4(D) = 4 = E 
D: ca(D) 0 2 1 id E 1 r 
0 
Me Be OS ONO E, 0 
Da Us Us Us 
vi Ds CA CA 


Fig. 16.5. Spanning in-trees and out-trees. 
the matrix tree theorem fo 
to D. Let M,a denote 
diagonal entry by od( 


^ ted 
T digraphs, we need some other matrices e ith 
the matrix obtained from —A by replacing t 
v;). The matrix M ia is defined dually. 

ny 

Theorem 16.9 For any labeled digraph D, the value of the cofactor of a 
entry in the ith row of Ma, is the number of spanning in-trees with V 
sink. 


EST theorem after the initial 
th, and Tutte; the first tW 
he theorem independently. ee 
© matrix tree theorem for digraphs, $ 


e-Ehrenfest, Smi 


discovered t 
sing th 


Where d, 


= id(v,) and c is the common value of all the cofactors of Moa: 
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3 -1 -1 -1 

D NE 
M.D) = 

-1 0 2-1 


Fig. 16.6. Counting eulerian trails. 


«<= 
La v. 


Note that for an eulerian digraph D, we have M,, = M;aand all row sums 
as well as column sums are zero, so that all cofactors are equal. For the 
digraph in Fig. 16.6, c — 7 and there are 14 eulerian trails. Two of them are 
U4U5U34U405U4U3U4U4U, ANd VVV, U4U203040, V301. 

We have just given some indication of how matrices are used in the study 
of digraphs, On the other hand digraphs can be used to give information 
about matrices. Any square matrix M = [m;;] gives rise to a digraph D, 
and also possibly to loops if arc vv, is in D whenever m;; # 0. The following 
algorithm [H25] sometimes simplifies the determination of the eigenvalues 
and the inverse (if it exists) of a matrix M. 


Form the digraph D associated with M. 
Determine the strong components of D. 


Form the condensation D*. 
Order the strong components so that the adjacency matrix of D* is 


DEN 


Upper triangular. 
S. Reorder the points of D by strong components so that its adjacency 


matrix A is upper block triangular. 
6. Replace each unit entry of A by the entry of M to which it corresponds. 
es of the diagonal blocks of the new 


The eigenvalues of M are the eigenvalu N 
d from the inverses ofthese diagonal 


matrix, and the inverse of M can be foun 


blocks. 
When M is a sparse matrix,* (or rather has zero entries strategically 


located so that there are several strong components), this method can be 
Quite effective. A generalization to a sometimes more powerful but also more 
involved algorithm using bipartite graphs is given by Dulmage and 
Mendelsohn [DM2]. 


TOURNAMENTS 


A tournament is an oriented complete graph. 
three, and four points are shown in Fig. 16.7. 


Called a transitive triple, the second a cyclic triple. 
or. 
* z s 

In the literature, a sparse matrix has been defined as one with many zeros. 


All tournaments with two, 
The first with three points is 
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en 
AAAA 


Fig. 16.7. Small tournaments. 


In a round-robin cournament, a given collection of players or teams 
play a game in which the rules of the game do not allow for a draw. Eve 
pair of players encounter each other and exactly one from each pair emere 
victorious. The players are represented by points and for each pair © 
points an arc is drawn from the winner to the loser, resulting in a tournament. 


The first theorem on tournaments: ever found is due to Rédei [R7]: 
for small tournaments, it can be verified using Fig. 16.7. 


Theorem 16.10 Every tournament has a spanning path. 


Proof. The proofis by induction on the number of points. Every tournament 
with 2, 3, or 4 points has a spanning path, by inspection. Assume the resul 
is true for all tournaments with n points, and consider a tournament 

with n + 1 points. Let v, be any point of T. Then T — Vo isa tournament 


with n points, so it has a spanning path P, say v, v, ---v,. Either arc YoY 
or arc v,vg is in T. If vov; isin T, then Vo V1 05 +++ v, isa spanning path of T. 
If vivo is in T, let v; be the first point of P for which the arc vov; 15 IP 
T, ifany. Then v. vo is in T, so that 9i 05:5 D Vo vi> v, is a spanning 


path. If no such point v, exists, then v, v, --- v, Vo is a spanning path. I? 
any case, we have shown that T has a Spanning path, completing the pro9* 


Szele [S16] extended this result by proving that every tournament has 
an odd number of spanning paths, Another type of extension of Redei® 
theorem was provided by Gallai and Milgram [GM1] who showed thai 
every oriented graph D contains a collection of at most Bo(D) point-disjo!? 
paths which cover V(D). 

The next theorem is due to Moser 
by Foulkes [F7] and Camion [C1] a 
ments of the preceding theorem for ar 


Theorem 16.11 Every strong tournament With p points has a cycle of length” 
for n = 3,4,---, p: 


1 ^ d 
[HM2]; its corollary was discover 
nd is the analogue for strong tour 
bitrary tournaments. 


Proof., This proof is also by induction, but on the length of cycles. If 7 
tournament T is strong, then it must have a cyclic triple. Assume that 
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has a cycle Z = v, v2 *** v, v, of length n < p. We will show that it has a 

cycle of length n + 1. There are two cases: either there is a point u not 

eee adjacent to and adjacent from points of Z, or there is no such 
int. 


CASE 1. Assume there is a point u not in Z and points v and w in Z such 
that arcs uv and wu are in T. Without loss of generality, we assume that arc 
v,uisin T. Let v; be the first point, going around Z from v;, for which arc uv; 
E el 2 Then v;_,uisin T, and v, v; ++ Vj 14 Vj 7 * Va Vi is a cycle of length 


CASE 2. There is no such point u as in Case 1. Hence, all points of T which 
are not in Z are partitioned into the two subsets U and W, where U is the 
set of all points adjacent to every point of Z and W is the set adjacent from 
every, point of Z. Clearly these sets are disjoint, and neither set is empty 
since otherwise T would not be strong. Furthermore, there are points u in 
U and w in W such that arc wu is in T. Therefore uv, 02 °°" Un—1W4 isa 


cycle of length n + 1 in T. 


Hence, there is a cycle of length n + 1, completing the proof. 


Corollary 16.11(a) A tournament is strong if and only if it has a spanning 


cycle. 

m round-robin tournaments, we say that the 
ts outdegree. The next theorem due to 
d during an empirical study of tourna- 
n which the points were hens and the 


Using terminology fro 
Score of a point in a tournament is i 
Landau [L1] was actually discovere 
ments (so-called “pecking orders") i 
arcs indicated pecking. 

Theorem 16.12 The distance from a point with maximum s 
point is 1 or 2. 

The number of transitive triples can be given in terms of the scores 
of the points; see Harary and Moser [HM2]. As a corollary, one can 
readily obtain the well-known formula of Kendall and Smith [KS1], which 
has proved useful in statistical analysis. It was generalized from cyclic 
triples to larger strong subtournaments by Beineke and Harary [BH4]. 


Theorem 16.13 The number of transitive triples in a tournamen 
sequence (Sy, 55, **, Sp) is E s(s; — D/2- 


core to any other 


t with score 


Corollary 16,13(a) The maximum number of cyclic triples among all tourna- 


ments with p points is 
BER, per 
24 


if pis odd, 
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16.14 The complement D and the converse D' both have the same group as D. 


ic digraph: 
16.15 Let A be the adjacency matrix ofthe line digraph ofa complete yemeni oe 
Then 42 + A has all entries 1. (Hoffm 


16.16 Two digraphs are cospectral if their adj 


aracter- 
acency matrices have the same chara 
istic polynomial. There exist just three diffe: 


T ; ints. 

rent cospectral strong digraphs with t p 

(F. Harary, C. King, and R. C. Rei 3 

r= Vua 

16.17 The conjunction D = D, ^ D, of two digraphs D, and D, has V = ie m 
as its point set, and u — (u,, uz) is adjacent to y = (vı, 03) in D whenever u, adj 


Sew) D; is 
D, and u, adj v, in D; The adjacency matrix 4 of the conjunction D = D, ^ Pz 
the tensor product of the adjacency matrices of D, and D, 


‘(Harary and Trauth rara 
vi t 

t d; be the greatest common divisor Hu 

Then the conjunction D, A D, is strong M7) 

1 and d, are relatively prime, (McAndrew [| 


16.18 Let D, and D; be digraphs and le 
lengths of all the cycles in D, i = 12! 
only if D, and D, are Strong and d 


a) If n is the smallest integer such that 4" > 0, then n < (p — 1)? + 1. 


(Wielandt [w17)) 


; uta- 
+ 1, then there exists a perm 


ever 
m [a,,] where a, = 1 when 
= 1, but aij = 0 otherwise, 


b) Ifmhasthe maximum possible value(p — 1)? 
tion matrix P such that PAP~* has the for, 
j=i+ land a,, 


(Robbins [R17]) 


Tix of an arbitrary orientation D of a a 
Bis +1 if oriented line x, is incident to Pone 
TWise. Then the common cofactor of BB” ist 
ompare the matrix BRT with M of Chapter 13.) 1) 
(Kirchhoff [K 


16.22 Let B be the P X q incidence mat 
labeled graph G, so that the entry bj; of 
v— 1 if x; is incident from r;, and 0 othe: 
number of spanning trees of G. (C: 


: D, 
Y, When u and v are points of a digraph 5 
let A(u, v) be the minimum number of arcs Whose removal leaves no path from u t ry 
For any orientation D of an eulerian Braph G, Au, 2) = Av, u) = 44(u, v) for O5 ) 
(Nash-Williams [N 

16.24 Every orientation of an n-chromatic graph G contains a path of length n — 1- 
(Gallai [G4]) 

16.25 The scores S; Or 


a tournament satisfy X s? = Z(p-1-5), 
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16.26 All but two tournaments have a spanning path v,-v ` ** v, with a shortcut, the 
arc v,v,. The two exceptions are the cyclic triplé and tournament of Fig. 16.8(a). 
(B. Grünbaum) 


16.27 a) The number of cycles of length 4 in any p point tournament is equal to the 
number of strong subtournaments with 4 points. 
b) The maximum number of strong subtournaments with 4 points in any p 
point tournament is t(p, 4) = Xp — 3)t(p, 3). See Corollary 16.13(a). 
(Beineke and Harary [BH4]) 


1628 A group is isomorphic to the point-group of some tournament if and only if it 


has odd order. (Moon [M14]) 
16.29 Let T be the point-group and T, the arc-group of a tournament T. ThenT, is 
transitive if and only if the pair-group of T is transitive. (Jean [J1]) 


16.30 Let t(x) and s(x) be the generating functions for tournaments and strong tourna- 
ments, respectively. Then 
t(x) 


1 + 1x)" 


s(x) = 
(Moon [M16, p. 88]) 


16.31 Consider a sequence of nonnegative integers s, € S2 S ^ S Sp» 
a) This is the score sequence of some tournament T if and only if 


k 
Se = pp — 1)/2 and for all k < p, Ds; = kk — 1)/2. 
1 1 
(Landau [L1]) 
b) Further, T is strong if and only if for all k < p, 


k 
Ys > klk 12 
É (Harary and Moser [HM2]) 
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GRAPH DIAGRAMS 


One picture is worth more 
than ten thousand words. 
ANONYMOUS 


It is very useful to have diagrams of graphs available for the accumulation 
of data leading to conjectures. Graphs with fewer than 6 points are easily 
drawn. The diagrams of 6 point graphs which are presented here were 
Produced by D. W. Crowe, who also was apparently the first to draw all 
7 point graphs. In listing the diagrams, no attempt was made to settle the 
Problem of assigning a canonical ordering to the various graphs with p 
Points and q lines. However an index n is assigned to each graph G, with the 
Same index going to the complementary graph G. Thus the graph Gpqn 1$ 
the nth (p, q) graph, and is identified to the right of its diagram by the 
number n; furthermore G,,, = G5()-," The (4, 3) and (5, 5) graphs 
are of course exceptions to this rule. 

As a supplement to tables of this kind, B. R. Heap developed a program 
On the computer at the National Physical Laboratory in Middlesex which 
has produced one card for each graph with 7 points and is in the process 
of Producing graphical cards for p — 8. It was found most convenient to 
Code the graphs in adjacency matrix form. The existence of such lists has 
already proved valuable to investigators using computer methods. 

For convenience we present here a table displaying the number of 
graphs with a given number of points and lines, up through 9 Domo (cf. 
Riordan [R15, p. 146]). The entries were obtained using Pólya's formula 
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p=6 (cont.) 


q-15 
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DIGRAPH DIAGRAMS 


The hero jumped on his horse 
and rode off in all directions. 
S. LEACOCK 


The digraphs with at most 4 points are listed here according to the number 
of points and arcs. Indices are assigned to each one in such a way that 
complements receive the same index, except of course within the (3, 3) and 
(4, 6) digraphs. The diagrams only go through p — 4 because to include 
those for p = 5 would require another book almost the size of the present 
volume. The following table due to Oberschelp [O1] gives the number of 
digraphs with p points, p < 8. The entries may be computed using 


equations (15.31, 15.32). 


Table A2 


THE NUMBER 
OF DIGRAPHS 
WITH p < 8 POINTS 


P 4, 

1 1 
2 3 
3 16 
4 218 
5 9 608 
6 1 540 944 
7 882 033 440 
8 1 793 359 192 848 
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TREE DIAGRAMS 


You can't see the forest for the trees. 
ANONYMOUS 


The diagrams of all the trees with p < 12 points were developed by Prins 
and appear as an appendix in his doctoral dissertation [P8]. We present 
here only those diagrams for p < 10, which are also given in [HP21]. The 
ordering of trees with a given number of points is somewhat arbitrary, but in 
Beneral they are listed by increasing number of points of degree greater than 
2. The following table presents the number of trees and rooted trees with p 
Points for p < 26 (cf. Riordan [R15, p. 138]) and the number of identity 
trees and homeomorphically irreducible trees for p € 12 (cf. [HP20]). 
These numbers were obtained using formulas (15.41), (15.35), (15.51 and 
15.52), and (15.47, 15.48, and 15.49) respectively. 
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Table A3 


THE NUMBER OF TREES, ROOTED TREES, IDENTITY TREES, 
AND HOMEOMORPHICALLY IRREDUCIBLE TREES WITH p POINTS _ 


P ty T, I h, p ty T 
1 1 1 1 1 13 1 301 12 486 
2 l I OR AS i4 3 159 32 973 
3 1 2 0 0 15 774 87 811 
4 2 4 0 1 16 19 320 235 381 
Sq 2 EO rss, 48 629 634 847 
6 6 20-109. 4 IE 123 867 1 721 159 
7b onl 48 1 2 19 317 955 4 688 676 
8 23 115 1 4 20 , 823 065 12 826 228 
9a ek RG GN T 2 144 505 35 221 832 
10 106 79. 6 19 | 2» 5 623 756 97 055 181 
11 (235 182 15 14 | 2 14 828 074 268 282 855 
12 [551 476 29 26 | 54 39 299 897 743 724 984 
3 104 636 890 — 206714 B 

279 793: 59 63 

450 5.759.606 700 
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(by V. Krishnamurthy) 


THE FOUR-COLOR THEOREM (4CT) 


My heart leaps up when I behold A 


rainbow in the sky. 
William Wordsworth 


I admit nothing as true of them that is 
not deduced, with the clarity of a 
mathematical demonstration, from 
common notions whose truth we cannot 


doubt. 
Descartes 


The Analytical Engine has no 
Pretensions to originate anything. It can 
do whatever we know how to order it to 


perform. 
Lady Lovelace. 


We do not overcome our doubts by 
suppressing them. We do not meet our 
misgivings by denying them. 

Paul Brunton. 

In 1976, Kenneth Appel and Wolfgang Haken [AH 2] and [AHK 1j 
established what must now be called Four Color Theorem (4CT). The proof 
made unprecedented use of large scale computers. For the first time in the 
history of mathematics the accessibility of a mathematical proof depended upon 

uting facility. We 


the external factor of the availability of a large scale comp 
achievement. The first serious 


Shall, in this appendix, give a sketch of this unique Hou 
attempt to prove the 4CC was made by Kempe [K6] in 1879. The error in his 
Proof’ was discovered by Heaweed [H 38] in 1890, but what was salvageable 
from Kempe's argument was the Five Color Theorem (Theorem 12.7). Though 
Kempe's argument did not achieve the purpose of proving the 4CC, it did 
Contain several ideas which formed the foundation for many later attempts at 
the proof, including Appel and Haken’s successful attempt in the seventies. Thus 
We begin with a presentation, in modern terminology, of the relevant ideas from 


Kempe. 
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First note that it suffices to consider plane triangulations, viz., coina 
plane graphs whose edges divide the plane into regions each bordered = ee. 
three edges. This is because every plane graph, or for that matter every b E. 
graph, can be triangulated in this manner and if we can four-color the E asi 
the triangulation, the same coloring will do for the original graph. Me 
therefore restrict our attention to plane triangulations hereafter (except 


specified otherwise). A plane graph and its plane triangulation are shown in Fig- 
A 4.1. 


FIG.A.61 A PLANE GRAPH AND ITS TRIANGULATION 

Suppose that G isa 
and further that there 
Recall from the Euler 


. . H H i ns 
Plane triangulation with P vertices, q edges andr Eo, 
exist p, vertices of degree k for each k, with p°= p! = 


e, 
Polyhedron Formula (Theorem 1 1.1) that, in such a cS 
. we have 
P-qt+r=2., al 
Since now p= y P,.2q=2k P, and 2q-3r, we have the following fundamen 
result 


ina 
Theorem A 4.1. If, for each k, P, is the number of vertices of degree K i? 
plane triangulation G, then 


= (6-k) p, = 12, 
that is, 


4p? + 3p! + 2p% pz 124 p’+ 2p® + 3p74 . 


A d d ‚ce. 
This theorem, in turn, leads us to the next result, which is an existe? 
theorem. 


; € t5. 
Cor. A 4. Every plane triangulation G contains a vertex of degree at mos 


F 5 he four 
This corollary forces every triangulation to contain at least one of t 
geometrical configurations shown in Fig. A 4.2. 
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Given a plane triangulation T, any part of T which lies within some cycle of T 
together with the cycle itself is called a configuration. The cycle itself is called the 
ring bounding the configuration. In other words a Aaron isthesubgraph 
ob consisting of the vertices interior to the ring bounding it, the edges joining 
pairs of such vertices and the triangles bounded by the 3-cycles which are formed 
by these edges, and the ring bounding all these. 


(a) 


AIG. A.4.2 SINGLE VERTEX CONFIGURATIONS WITH 
RING SIZES 2,3,4 & 5 


Fig. A 4.2 presents configurations consisting of a single vertex v with ring 


sizes 2,3,4 and 5. A set of configurations is said to be unavoidable, if every plane 
least one of them. The set of 


triangulation must. necessarily contain at 
use of Cor. A 4.1 a. 


configurations of Fig. A 4.2 is unavoidable beca 

4CC says that every planar graph is 4-colorable. A counterexample to the 
conjecture, if one existed, would bea planar graph which is not 4-colorable. The 
strategy of the proof of 4CT is to prove thata counterexample cannot exist The 
beginning of the argument goes back to Kempe himself. If there exists a 
it means that G needs at least five colors. Among all 
H, with minimum number of 
to the 4CC. Thus H needs 
han H needs only four 
le can be taken to be a 
we could add 


counterexample, say G, 
such 5-chromatic graphs, there exists one, say 
vertices. Then H is called a minimum counterexample 
five colors and any planar graph with fewer vertices t 
colors. Again we note that this minimum counterexamp 
plane triangulation. For if it were not already a triangulation, 
extra edges to convert it into a triangulation, still keeping the total number of 
vertices intact and without affecting the non-colorability in four colors. 

Now we define a configuration C in a plane triangulation to be reducible if 
the 4-colorability ofa plane triangulation which contains C can be deduced from 
the 4-colorability of plane triangulations G with fewer verticers. Reducibility of 
C would imply that C cannot be contained ina minimum counterexample to the 
4CC. Therefore, in order to prove the 4CC, it suffices to find an unavoidable set 
U of configurations each of which is reducible. Since U is unavoidable every 
plane triangulation must contain at least one of the members of U. But since 
each member of U is reducible none of them can occur in a minimum 


counterexample. We conclude then that no counterexample can exist and that 
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P i cking the 4CC was 
the 4CT is proved. This pe es ee a8 
initiated by Heesch [H MOI rl E n - ; d (a) (b) and (c) 
idable set consisting of 1834 reducible configurations, and (a f 
mM h figure. (In fact, the historical error o 
of Fig. A 4.2, but not (d) of the same figure. ( Bene = ene 
the conclusion that (d) of Fig. A 4.2 is reducible!) Some ol 
Son en go up to ring size 14. Over the years other unavoidable sets and 
IUE configurations have been constructed but no one before Appel an: 
Haken had produced an unavoidable set of reducible configurations. Pone 
How does one prove that a set U of configurations is unavoidable? RE: 
method goes back to Heesch. We assigna number, called ‘charge’, toeach ver Es 
v of a triangulation in such a way that the sum of the charges is 12, That this a 
always possible is clear from Theorem A 4.1. We can also think of charge En 
function f which assigns a number f(v) to each vertex vsuchthat f(v)= 12. 5 
'Discharging Algorithm' is then a rule for distributing the charge in A 
triangulation in such a way that the total charge is preserved. The algorithm | 
usually specified in terms of local information, We shall see a specific example s 
a little while. But before we do that , we must introduce some notationa 
conventions-the Appel-Haken conventions-in order to economise space in the 
description of a set of configurations. These are: i 
(i) All unavoidable sets will be assumed to contain (a), (b) and (c) of Fig. ^ 
4.2 and we shall omit their specific mention; 
Gi) we shall also omit the mention of the bounding ring and the edges that 
link it to the configuration; and 
(iii) we shall use a solid circle e to re 
circle o to representa vertex of d 
vertex of degree 8 and no speci 


present a vertex of degree 5, a Mer. 
egree 7, a hallow square to represent 


al marking at the vertex to represent 2 
vertex of degree 6. 
With these notations we shall sketch the proof of the following result due to 
Wernicke [W8] 


Theorem A 43 [|e eo | 
is an unavoidable set, 


Proof: Note that the set specified in the theorem, if described elaborately, !$ 
the set consisting of configurations (a), (b) and (c) of Fig. A 4.2 and the two 
configurations (a) and (b) of Fig. A 4.3. Suppose T isa triangulation containin& 
none of these five configurations, We shall produce a contradiction n 
constructing a suitable discharging process. Let each vertex of degree k be EXE 
a charge 6-k. Let us now transfer one-fifth of a unit of charge from Ed 
positively charged vertex to each of its negatively charged neighbors. Let eS Es 
ied degree. Since T does not contain (2): 
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t (9) 


FIG. A.4.3 WERNICKE'S CONFIGURATIONS ,REPLACINO 
FIG. A.4.2 (d) 


Consider now a vertex of degree k with k 6. It hasa negative charge to start 
with and can end up with a positive charge only if it has à neighbors of degree 5, 


where 
Ax1/57k-6 


But since no two vertices of degree 5 can be adjacent, the maximum possible 
value of A is k/2 or (k-1)/2accordingas k is even or odd. In either case (1) cannot 
hold. This means our discharging process leaves every vertex with either a zero 
or negative charge and so Theorem A 4.1 is violated. , 

The methodology of the proof clearly shows how unaviodability is asserted. 
A set of configurations which prevents discharging is unavoidable! The 
challenge lies in constructing a suitable discharging process. 

Now let us turn ourattention to proofs of reducibility. The earliest proof was 
that of Kempe who successfully proved. that each of (a), (b) and (c) of Fig. A4.2 
is reducible. The proof for (a) and (b) is easy. Recall that reducibility ofa 
configuration C means that it is possible to infer 4-colorability of any 
triangulation T containing C from the 4-colorability of triangulations G with 
fewer vertices, Consider (a) or (b) of Fig. A 4.2. Since v has only two or three 
neighbors, any 4-coloring of T-(V) will exhaust at the most only three colors for 
the neighbors of v and so there is always one spare color which can beassigned to 
Vand still result in a proper coloring. Thus (a) and (b) are reducible. In trying to 
use a similarargument with (c) of Fig. A 4.2, we encounter an obstacle. The cycle 
of four neighbors around v might consume all the four colors (say, blue, mm 
yellow and red) and then there would be no spare color for v. But Kempe looke! 
deeper into this and produced what is now universally known asa Kempe-chain 
argument. Suppose the four vertices in order are named b, y, & and r and have 
been colored blue, yellow, green and red respectively. Forall we knowabout the 
coloring in the rest of the graph, (i) there may not exista blue-green-blue-green- 


... chain connecting the opposite vertices b and g; and (ii) there may or may not 
he opposite vertices r and y. 


exist a red-yellow-red-yellow- ... chain connecting t! 2 : 
Such chains are called Kempe chains. Suppose a Kempe chain does mot = 
between, say, band g. Then we could recolor the vertices b and gas (say) bot 

blue— which would imply that necessary alterations (actually, reversal of colors) 
in the hierarchy of successive neighbors of g would have to be done. (See Fig. A 
4.4) In view of the supposition that there ex 
such a reversal of colors is possible and it wi : 
r with the colors blue, yellow, blue and red respectivel 


ists no Kempe chain between band g, 
ould leave the four vertices b, y, g and 
y—thus leaving a spare 


————————__ 
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HR ul r ; nary, 

lor, namely green, for v and resulting in a 4-colorability of T. In ds aE 
‚na ` E E site ve es 

WERT a Kempe chain does not exist either between the opposite verti 

Ww 


i i inferred 
and g or between the opposite vertices y and r, a 4-coloring of T can be inferr 
from any given 4-coloring of T-(v). 


FIG. A4.4 REVERSAL OF COLORS 


We have only to consider th 


€ case, if it exists, of the possibility of Kempe 
chains existing both between b 


and g and between y and r. But the planarity a 
the graph prevents this Possibility as can be seen byan attemptto represent bot! : 
the Kempe chains ona planar graph. Thus the reducibility of (c) of Fig. A 4.2 i5 
proved. 


3 : n 
From that time onwards the four-color problet 
assumed the role of a seriou: 


figurations each of which was reducible: 
Before we take up Appel 
need to talk a little more 


FIG ^4.6. TRIANGULATION WITH BIRK HOFF 
DIAMOND REMOVED 
FIG.4.4.5 BIRKHOFF DIAMOND 
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The earliest model of a systematic proof of reducibility was that of Birkhoff 
[B20] in 1913. The proof that the configuration, now known as the Birkhoff 
diamond (see Fig. A 4.5) is reducible, goes somewhat as follows. Let C be the 
Birkhoff diamond contained in a (hexagonal) circuit in a plane triangulation T. 
Let T be the complement of C in T (see Fig. A 4.6)—in other words it is the 
hexagonal circuit with nothing inside it, but everything outside it being the same 
as in T. Suppose T' has been four-colored. The question is whether we can 
extend this four-coloring to T which contains the Birkhoff diamond. If every 
such coloring of T' isextendable to T either directly or by reversal of colorings in 
certain Kempe-type chains, then C is said to be D-reducible. In order to assert 
this, one actually enumerates the possible colorings that the vertices of the 
hexagon could have, irrespective of whether they are actually possible in Tor 
not. Some of these color schemes may be actually extendable to the Birkhoff 
diamond without any further effort. For example, the coloring b g b g by(b= 
blue, g = green, y = yellow, r = red) is extendable to the Birkhoff diamond ascan 
be verified easily. On the other hand the scheme b g b g b g is not so extendable 
and one has to go into Kempe chain arguments. In the modern adaptation of this 
to computer work, the first thing that the computer does is to check the above 
kind of reducibility, called D-reducibility. Heesch had already observed a 
number of distinctive phenomena that provided clues to the likelihood of 
successful reduction. These clues were stated in the form of what are known as 
‘Reduction obstacles’. Configurations without these obstacles have a very good 
chance of being reducible. These three obstacles are: (a) a ‘four-legger vente 
i.e., a vertex v inside the bounding ring, but adjacent to four consecutive vertices 
of the ring; (b) a “hree-legger articulation vertex’ ie., à Vertex iac 
bounding ring but is adjacent to three vertices of the ring which are no 2 
consecutive: and (c) a ‘hanging 5-5 pair, i.e., a patr of adjacent Neues im y 
inside the bounding ring, each of degree 5 and each having the d ses 
one) neighbor inside the ring. (See Fig. A 4.7 for examples). Any con igure i 2 
which avoids the obstacles (a) and (b) above is called a ‘geographically good 


configuration. 


FIG. A.4.7 CONFIGURATIONS WITH REDUCTION OBSTACLES 
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As a first stép towards the implementation of the suggestion ende 
Haken started in 1972 to develop a discharging procedure AE wd 
idable set of geographically good configurations, Though this Á er 
Peed goal of an unavoidable set of reducible configurations, the objec 
iu shift the emphasis from computing of reducibility to i 
discharging procedure. This involved considerin 
each discharging algorithm. These failures could 
the ‘overcharging’ of some vertex, i.e. 
charge too much positive charge. The 
help of the computing facility at the U 


mproving the 
g the possible failure cases of 
occur, for example, because of 
» transferring to a vertex with negative 
enumeration of cases was done with the 
niversity of Illinois, changes were made. 
in examined. From 1972 through | 1975 
puter, looked for discharging algorithms 
duction obstacles, but the third also. The 
em was the result of a lengthy process of 
modifications of the original discharging 


les, 


-reducibility test failed on a certain configuration, à 


x à E 5 ion 
alternative (called C-reduction) ofproving whether a smaller sub configurati j 
was D-reducible was tried 


substitute configuration a 


` 5 7 : 3 in 
instead of Spending com bstitute configurations Í 
this way, they allowed only a * 


program after each new impro 
On the other side, the computer 
out compound strategies based on al 
time, a graduate student at the University of Illinois, John Koch, wrote 
Programs for the IBM 360 whic! 
reducibility of Configurations of ri 
Haken modified these Programs to produce programs for checking the 
reducibility of Configurations with ring size 12, 13 and 14. Side by side the 
discharging Procedure needed 


vement, 


s 1 s 

major modifications and all this m 
accomplished by January 1976, Samples of reduction time for the D-reducibility 
of configurations were roughly as follows: 


40 sec. for 11-rin 
60 sec, for 12-ring; 
5 min. for 13 
6 min. for 14. 


BS on the IBM 360-75; 
s on the IBM 370-158; 
-rings on the IBM 370-158; 
-rings on the IBM 370-168; 


Thus in June 1976, the final lap had been made, producing an unavoidable 


A 
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set of 1834 reducible configurations (of which as many as 660 were of ring size 
14) using 1200 hours of computer time on the three computers. The Four-color 


Theorem was established! 


Dx 
Ee 
BRS 


FIG.A 4.8 (FOLLOWING APPEL-HAKEN CONVENTIONS) 
THE 7 CONFIGURATIONS OF RINO -SIZE 6 OR 
LESS IN THE APPEL - HAKEN UNAVOIDABLE 


e 
: 


FIG. A4.9 {FOLLOWING APPEL- HAKEN CONVENTIONS) 
THE 8 CONFIGURATIONS OF RINO - SIZE 9 
IN THE APPEL - HAKEN UNAVOIDABLE SET, 


sent a meagre 15 in Fig. A 4.8 and Fig. 


i re: 
Out of the 1834 configurations we p 8 or less and the second one shows 


A 4.9. The first figure shows those of ring size 
those of ring size 9. Note that in both figures we have used the already 


mentioned. Appel-Haken conventions of presenting UU Lp ic NE by 
You may want to check your understanding of the concept of reducibility by 
proving that each one of these 15 is indeed D-reducible. It should, also be 
mentioned here that the number 1834 was later brought down by Appel and 


Haken themselves to 1482. 


COR ee S 
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The crux of the success of the Appel-Haken proof of the ik 
probabilistic argument by which they established very early in the a; 
there was a good likelihood of findingan unavoidable set with rar uar 
ring size small enough (14 or less) to make the computer time H LH 
reducibility proofs reasonable. Since there exists a map constructed by ia 4 
Moore in which the smallest C-reducible configuration has ring size au 
follows that Appel and Haken's probabilistic hunch was close enough. The fi 


i i ingsi a ves 
set that they obtained has configurations of ringsize 14and no more. That lea 


3 E ible 
us with the open problem: Does there exist an unavoidable set of reduci 
configurations of ring-size 13 or less? 


5t computer is made a necessary apparatus to check à 
puter in this sense is conceptually different from the uses 
applications to which the computer had been put so far. 
In the calculations of a numerical result it has helped users to get a better, far 
better, approximation T be possible by hand calculation. In 
Benerating new terms of an in Sequence, like the sequence of prime 
erms, to arrive at which hand calculation 


proof. The use of a com 
in mathematics and its 


-Haken computations is possible 
To conclude, let us quote Appel and Haken themselves from [AH3]: 
“Many mathematicians particularly those educated before the development 
of high-speed Computers resist trea 


p f 
More elegant the pro0 


usually the best method, But even when 
handchecking is Possible, if proofs a i 


hly computational. it is hard 

to believe that handchecking wi the possibilities of error. 

Furthermore, when computations are sufficiently routine, as they are in OUT 
proof, it is probably more efficient to check machine programs than to chee 

hand computations , , y i 

"Our proof of the four-color theorem suggests that there are limits to Mr. 

i matics by theoretical methods alone. It also implie® 

Or computational methods in mathematical proofs b: 
is of great Practical value to mathematicians ! 
limitations of their methods. We hope that our WO" 


that in the past the need fi 
been underestimated. It 
determine the Powers and 
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will facilitate progress in this direction and that this expansion of acceptable 
proof techniques justifies the immense effort devoted over the past century to 
proving the four-color theorem." 
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And thick and fast 
They came at last, 


And more and more and more. 
L. CARROLL 


and only those which have been 


The references listed below are intended to be those 
ist is considerably more selective 
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wheel 46 

set of lines 9 

cycleindex of A 181 
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eccentricity 35 
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number of -cycles 181 
number of components 40 
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line independence number 
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group of G 161 
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graph, 32 
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ne 17 
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tree, 37 SR 


boundary, 37 
branch, 35 
bridge, 26 


digraph, 198 


N-cage, 174 
Center, 35 


central point, 35 


In words, as fashions, the same rule will hold, 


Alike fantastic if too new or old: 


Be not the first by whom the new are tried, 
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Nor yet the last to lay the old aside. 
A. Pope, Essay on Criticism 


centroid, 36 
centroid point, 36 
0-chain, 37 
1-chain, 37 
chord, 38 
n-chromatic graph, 127 
chromatic number, of a graph, 127 
of a manifold, 135 
n-chromatic number, 149 
chromatic polynomial, 146 
circuits, 40, 41 
circumference, 13 
clique, 20 
clique graph, 20 
coarseness, 121 
coboundary, 38 
cocircuit, 41 
cocycle, 38 
cocycle basis, 38 
matrix, 155 
rank, 39 
space, 38 
color class, 126 
color-graph, 168 
n-colorable graph. 127 
map, 131 
coloring, 126 
complete, 143 
of a graph from / colors, 145 
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of a plane map, 131 
n-coloring, 126 
complete bigraph, 17 
complete graph, 16 
complete n-partite graph, 23 
complement, 15 
complex, simplicial, 7 
component, 13 
n-component, 46 
composite graph, 166 
composition, of graphs, 22 
of permutation Broups, 164 
condensation, 200 
configuration, 181 
counting series, 182 
group, 181 
conjunction, of digraphs, 210 
of graphs, 25 
connected graph, 13 
connected, strongly. 199 
unilaterally, 199 
weakly, 199 
n-connected graph, 45 
connectivity, 43 
function, 45 
local, 49 
pair, 45 
contractible, 113 
contraction, elemen 
contrafunctional qi 
Converse, 200 
corona, 167 
cospectral digraphs, 210 
graphs, 158 
cotree, 39 
Cover, minimum, 94 
Covering, in a Braph, 94 
ina matrix, 53 
critical graph (color), 141 
(cover), 98 
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€ritical line (cover), 97 
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crossing number, 125 
n-cube, 23 
cubic graph, 15 
cutpoint, 26 


tary, 112 
graph, 20] 


(color), 141 


dimension of 
directed graph, 10 
directed line, 10, 198 
disjoint paths, 47 


graph, 30 


cutset, 38 
Cycle, in a digraph, 198 


in a graph, 13 


Cycle basis, 38 


matrix, 154 
rank, 39 
Space, 38 
vector, 38 


Cycle index, 181 
Cyclic triple, 205 


degree, of a line, 171 


Of a permutation group, 161 
Of a point, 14 


detour matrix, 203 
diameter, 14 


digraph, 198 


acyclic, 200 
adjacency matrix of, 151, 202 
Contrafunctional, 201 
disconnected, 199 
eulerian, 204 
functional, 201 

line, 209 

Primitive, 210 
Strong, 199 

trivial, 199 
unilateral, 199 

Weak, 199 


a simplex, 7 


istance, in a digraph, 199 
ina graph, 14 
Matrix, 206 


dual, combinatorial, 114 


Seometric, 113 


eccentricity, 35 
elementwise product, 203 


dding, 102 


endomorphism, 177 
endpoint, 15 


eulerian digraph, 204 


Staph, 64 
matroid, 159 


trail, in a digraph, 204 
trail, in a graph, 64 
exponentiation group, 177 


face, 103 

exterior, 103 
factor, 84 
n-factor, 84 
n-factorable graph, 84 
ħ-factorization, 84 


figure, 181 

counting series, 182 
fixed Point, 171 
Orest, 32 


functional digraph, 201 


Benus, 117 

Beodesic, 14 

girth, 13 

Braph, 7, 9 
acyclic, 32 
arbitrarily trave 
bipartite, 17 
block, 29 
block-cutpoint, 36 
n-chromatic, 127 
Clique, 20 
Color. 168 
"-colorable, 127 
complement of, 15 
complete, 16 
Complete N-partite, 23 
Composite, 166 
Connected, 13 
"connected, 45 
Critical, 98, 141 
"Critical (col 
bios 1 
CUtpoint, 30 

irected, 10 

Sulerian, 64 
n-factorable, 84 
! amiltonian, 65 
identity, 161 
Infinite, 16 
Intersection, 19 
interval, 20 


rsable, 69 
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irreducible, 99 
labeled, 10 
line, 70 
n-line connected, 45 
line-critical, 98, 142 
n-line critical (color), 142 
line-regular, 171 
line-symmetric, 171 
nonseparable, 26 
oriented, 10 
outerplanar, 106 
planar, 102 
plane, 102 
point critical (cover), 98 
point-symmetric, 171 
prime, 166 
reducible, 99 
regular, 14 
n-regular, 174 
self-complementary, 15 
semi-irreducible, 99 
subdivision, 81 
symmetric, 171 
theta, 66 
toroidal, 117 
total, 82 
totally disconnected, 16 
n-transitive, 173 
trivial, 9 
unicyclic, 41 
uniquely colorable, 137 
n-unitransitive, 174 
graphoid, 41 
group, 160 
color graph of, 168 
configuration, 181 
exponentiation, 177 
pair, 185 
permutation, 161 
power, 164 
group of a graph, 161 


hamiltonian cycle, 65 
graph, 65 

hereditary property, 96 

homeomorphic graphs, 107 

homomorphism, 143 
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complete of order n, 143 


elementary, 143 


identical permutation groups, 16] 


identity graph, 161 
in-tree, 201 


incidence, in a digraph, 198 


in a graph, 9 

matrix, 152 
indegree, 198 
independent Points, 95 

lines, 86 

set, 40 

set of lines, 95 

unit entries, 53 
induced Subgraph, |] 
infinite graph, 16 
intersection graph, 19 
intersection number, 19 
interval graph, 20 
invariant, 11 
irreducible graph, 99 
isolated point, 15 
isomorphic, graphs, 10 

groups, 16] 
join, 21 
joins, 9 


labeled graph, 10. 

2-lattice, 194 

3-lattice, 194 

length, in a digraph, 199 
in a graph, 13 

line, of a graph, 9 
of a matrix, 53 
addition of, 11 
Cover, 94 
covering number, 94 
critical (cover), 97 
directed, 19g 
independence nu 
ramsey number, 82 
removal of, 11 
Symmetry, 189 

line digraph, 209 

line graph, 71,73 
iterated, 133 


line-chromatic number, 133 
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mber, 95 


line-coloring, 133 
n-line coloring. 133 


n-line connected graph. 45 


line-connectivity, 43 
line-core, 98 


line-covering number, 94 d 
line-critical graph (color), 


(cover), 98 


142 
n-line critical graph (color), 


line disjoint paths, 47 
line-group, 161 
line-regular graph, 171 


line-symmetric graph, 171 


linear subgraph, 151 
lines, multiple, 10 
loop, 10 


e, 193 
map, edge-rooted plane, 19 


Plane, 103 
Matching, maximum, 96 
Unaugmentable, 96 


ra digraph 
matrix, adjacency, of a hers 
adjacency, of a graph, 


cocycle, 155 
cycle, 154 
degree, 152 
detour, 203 
distance, 206 
incidence, 152 
reachability, 203 
Matroid, 40, 157 
binary, 159 
Cocycle, 40 
Cographical, 157 
Cycle, 40 
eulerian, 159 
graphical, 157 
Multigraph, 10 


Neighborhood, 1 67 
closed, 167 
Network, 52 


Nonseparable graph, 26 


Orbit, 180 


y up» 
Order of a permutation gro! 


Orientation, 210 
Oriented graph, 10 


2 
h, 151.2 


161 


Out-tree, 20] 

Outdegree, 198 

Outerplanar graph, 106 
maximal, 106 


Pair group, 185 
reduced ordered, 186 

Partition, graphical, 57 
ofa graph, 57 


ofa non-negative integer, 57 
Simple, 6] 

path, ina digraph, 198 
In à graph, 13 


Paving of a 2-lattic 
Peripheral point, Fa 194 
Permutation, 16] 
Braph, 175 
Broup, 16] 
Stersen graph, 89 
Place, 181 
Planar graph, 102 
Maximal, 104 
Plane graph, 102 
Planted tree, 188 
Point, of a digraph, 198 
ofa graph, 9 2 
Sentral; 35 
centroid, 36 
Cover, 94 


Cover; 
Vering number, 94 


Critical (c 
end. (9Yer), 98 


fixed, 17) 
independen, 3 
isolated, 15 mber, 95 
Peripheral, 41 
removal of. 11 
Weight at, 35 
Polyhedron, * 
Power group, 164 
primative digraph, 210 
Me graph, 166 
» Of graphs, 21 


o 
Permutation 
Pseudograph, 10 groups, 163 


radius, 35 


Onvex, 106 


Tamsey number, 16 
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line ferm. 82 
reachability, 199 

matrix, 203 
reducible graph, 99 
regular graph, 14 
n-regular graph, 174 
removal, of a point, 11 

of a line, 11 
rooted tree, 187 
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1-skeleton, 103 
source, 201 
spanning subgraph, 11 
square of a graph, 14 
square root of a graph, 24 
stabilizer, 180 
star, 17 
strong component, 199 
digraph, 199 
subdivision graph, 81 
subgraph, 11 
even, 194 
induced, 11 
linear, 151 
spanning, 11 
successor walk, 173 
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totally disconnected graph, 16 
tournament, 205 
trail, 13 
eulerian, 64, 204 
n-transitive graph, 173 
transitive triple, 205 
tree, 32 
block-cutpoint, 37 
planted, 188 
rooted, 187 
triangle, 13 
trivial digraph, 199 
graph, 9 
twig, 39 


unicyclic graph, 41 
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digraph, 199 
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union, 21 
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walk, in a digraph, 198 
in a graph, 13 
closed, in a digraph, 198 
closed, in a graph, 13 
open, 13 
spanning, 198 
weak component, 199 
digraph, 199 
weakly connected, 199 
Weight at a point, 35 
weight function, 180 
wheel, 46 
whirl, 158° 
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